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Abstract

We interpret NFA in terms of category theory and prove two theorems.
The first is that NFA is just DFA in the category of truth-value enriched
profunctors. The second, inspired by the first theorem, is a category-
theoretic proof of the equivalence of NFA and DFA. It follows naturally
from the category-theoretic properties of profunctors and, at the same
time, gives a category-theoretic interpretation of the Radin-Scott powerset
construction.
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Throughout this paper, we fix a set of alphabets 3, and assume that the
symbol € does not belongs to 3.

1 Category of deterministic automata DA(C)

At first, we define the notion of deterministic automata in a category C. We
choose the simplest definition of them here. We will deal with additional struc-
turs such as an initial state and accept states in section 5.



Definition 1.1 (deterministic automaton in C). Let C be a category. A deter-
ministic automaton in C is an object X together with a family of endomorphisms
(0a : X — X)aex indexed by the set of alphabets X.

A deterministic automaton in Set is an usual one, and one in FinSet is a
deterministic finite automaton. Although we will consider automata that are not
necessarily finite, the following arguments can be restricted to finite automata.

Definition 1.2 (morphism of deterministic automata). Let C be a category and
(X,(000 : X = X)aex), (X', (0! : X' = X')sex) be deterministic automata in
C. A morphism of deterministic automata (X, (64 : X = X)aexn) — (X', (6, :
X" = X')aex) is a morphism f : X — X’ in C such that for any a € X the
following diagram commutes:

A category DA(C) has deterministic automata as its objects and morphisms
of deterministic automata as its morphisms.

Let ¥* denote the free monoid of a set ¥, namely the monoid of words
of ¥ together with their concatenation. The category DA(C) is just a functor
category C> .

Therefore we have

Proposition 1.3 (functoriality of DA : CAT — CAT). Let F': C — D be a
functor. F induces a functor DA(C) — DA(D) by just sending a deterministic
automaton (X, (04)aex) to (FX, (Fds)eex) and a morphism f to F'f.

This proposition will be used in subsection 5.2 to convert a deterministic
automaton in a category to a deterministic automaton in another category.

2 Category of non-deterministic automata NA

Recall the notion of non-deterministic automata. Though we thought of the
notion of deterministic automata in an arbitrary category, we consider only
usual non-deterministic automata, in Set.

Definition 2.1 (non-deterministic automata). A non-deterministic automaton
is a set @ together with a family of functions (44 : @ — P(Q))aexuge} indexed
by 3, where P(Q) denotes the power set of Q.

Remark 2.2. It is worth emphasizing that this definition has two different
points compared with the definition of deterministic automata.



1. For any alphabet a € X, the codomain of ¢, is replaced by P(Q).
2. A new symbol € and an associated function J. are introduced.

The first point is the obvious one. It means that § become non-deterministic.
The second point is called e-move. Some states are allowed to spontaneously
move to other states without reading alphabets. In this sense, e-move is a
“free-accessibility” in a non-deterministic automaton.

Next, recall how it works.

Definition 2.3. Let (Q, (6 : @ — P(Q))acsuie}) be a non-deterministic au-
tomaton. For qp,q1 € Q and w € ¥*, q1 is accessible with w from qq iff there
exist a non-negative integer n € N, ay,...,a, € X U {e}, and rg,...,r, € Q
that satisfy the following condition

e the concatenation of ag,...,a; is w, where the symbol € is regarded as a
empty word.

® To =4qo
® 7it1 € 0q,,, (1) forany 0 <i<n
® ' =q

Let go ~» ¢1 mean that g; is accessible with w from go, and as a special case,
qo ~» q1 mean that ¢; is accessible with the empty word from gq.

To define the category of non-deterministic automata, the notion of mor-
phisms of non-deterministic automata should be defined. One might naively
try to define them as functions that satisfy some conditions. However, our def-
inition is different. Morphisms of non-deterministic automata should also be
non-deterministic!

Recall that a morphism of deterministic automata @ — @’ is a (determin-
istic) function f : @ — @’ that respects the transition of states by alphabets.
In detail, it means that for any ¢ € @) and a € %, the following two transitions
coincide:

f(q)
Salg) ———— f(6ula)) =5,

(f(a)

.We define morphisms of non-deterministic automata in a similar way. Roughly
speaking, a morphism of non-deterministic automata are defined below as a non-
deterministic function, which is just a function f : Q@ — P(Q’), that respects
accessibility of states by alphabets, instead of deterministic transition.



However, respecting accessibility by alphabets is not enough. From the
perspective introduced in Remark 2.2, it should also respect the other ac-
cessibility of non-deterministic automata, namely e-move. Once a morphism
f:Q — P(Q) is also regarded as some kind of accessibility relation, it is natu-
ral to assume that it is compatible with e-move, which is “free-accessibility” in
a non-deterministic automaton.

Just for simplicity of notation, for sets X,Y, a function f: X — P(Y) and

reX,yeY, letx N y denote y € f(x).

Definition 2.4 (morphism of non-deterministic automata). A morphism of
non-deterministic automata from (Q,(dq : @ — P(Q))sexugey) to (Q', (4] -
Q" = P(Q))aexuqe}) is a function f : Q@ — P(Q’) that satisfies the following
two conditions:

1. (respecting accessibility by alphabets) For any ¢ € Q, ¢’ € Q' and a € X,
the following two conditions are equivalent.

e there exists gy € Q such that ¢ ~> ¢y and go N q

e there exists ¢, € Q' such that ¢ L, qh and ) ~> ¢’

f

q -t > 40

N
;

qo ~----=--=-+ ¢

if
go ~ g1~~~ >y gy~ q)
then
f
qo ----- > q

To call this notion morphisms of non-deterministic automata, verification is
needed. In other words, we should check that they forms a category NA.

Before checking it, composition of non-deterministic morphisms should be
defined. For functions f: X - P(Y)and g: Y = P(Z),ge f: X = P(Z) is

defined as
(o N)= | 9w
yEf(z)
In other words,
gef
[



if and only if there exists y € Y such that

f g
T-=>Y--+2

Proposition 2.5. Non-deterministic automata, their morphisms and composi-
tions given by e form a category.

Proof. 1t is general fact that the e composition is associative. Therefore, there
are essentially two things to prove.

e morphisms of non-deterministic automata are closed under composition.

e For any non-deterministic automaton @, there exists the identity mor-
phism of Q.

The former property can be proved in a straightforward way. To prove the later
one, it is enough to see that the function Iy : Q — P(Q) defined as

Io(q0) ={q€Qlq ~ d}
is an endomorphism of ) and moreover is the identity. O

Definition 2.6 (The category NA). NA denotes the category that consists of
non-deterministic automata and morphisms of them.

3 Truth value enriched profunctors (2Prof

In this section, we describe the category of Q2-enriched profunctors in an elemen-
tary way, for readers who are not familiar with profunctor. The reason to recall
this category will be explained in section 4. 2 denotes the totally ordered set
with two elements 1. < T, which can be regarded as the poset of truth values.

Definition 3.1 (The category QProf). The category QProf has preordered
sets (in other words, Q-enriched categories) as its objects and order preserving
map f: P x Q°® — Q (in other words, Q-enriched profunctor P -+ Q) as its
morphism from P to ). The composition ge f : P x R°Pof f: P x Q°° — Q
and g : @ x R°? — Q is defined so that (g e f)(p,r) = T if and only if there
exists ¢ € @ such that f(p,q) =T and g(q,r) = T.

As a morphism of non-deterministic automata, let p —J—c+ q denote f(p,q) =
T.

Remark 3.2 (2-dimensional structure of 2Prof). For the readers who are famil-
iar with profunctors, we should mention the 2-dimensional structure of QProf.
In general, profunctors forms bicategory, not (1-)category. In fact, QProf be-
comes strict 2-category, not just bicategoy. In this paper, we ignore 2-cells of
the 2-category, and regard it as a (1-)category.



The relationship between Set and Q2Prof should be mentioned. First, we
give a functor that faithfully embeds Set into Q2Prof.

Definition 3.3 (I : Set — QProf). The functor I : Set — QProf sends a set
X to a discrete preordered set I(X) whose underlying set is X and a function
f: X =Y toits graph I(f) : X xY — Q, in other words I(f)(z,y) =T <—

flz) =y.
The standard way to obtain a functor in the reverse direction is to consider

adjunctions. In fact, the embedding function I has a right adjoint. Let 1 denotes
the singleton preordered set.

Proposition 3.4. The hom functor QProf(1,—) : QProf — Set is the right
adjoint of I : Set — QProf.

I
_—
Set 1L QProf
QProf(1,—)

Proof. Tt is enough to see that I(X) is the X-times coproduct of 1.
O

The category of finite sets is denoted by FinSet and the full subcategory of
QProf spanned by finite preordered sets is denoted by FinQQProf. By restricting
the above adjunction, we have the finite version of the adjunction.

Corollary 3.5. The hom functor FinQProf(1, —) : FinQ2Prof — FinSet is the
right adjoint of I : FinSet — FinQQProf.

I
B
FinSet L FinQ2Prof
FinQProf(1,—)

This corollary along with the faithfulness of I will be used in section 6.

Remark 3.6 (profunctors as cocontinuous functors between presheaf cate-
gories). One of the most fundamental property of profunctors is the correspon-
dence with cocontinuous functor between presheaf category. Let CLatticeg,p
denote the category of complete lattices and sup-preserving (but not necessarily
inf-preserving) functions. For any preordered set P, P denotes the complete
lattice of downward subsets of P.

Under these notations, the following cliam holds: A functor QProf — CLatticegy

thatsendsf:PxQOp—>QtoP—>Q:D»—>{q€Q|HpED,p—J—teq}isfully
faithful. Especially, it gives an equivalence of categories between its essential
image and Q2Prof.

Through this claim, Proposition 3.4 can be seen as a consequence of the
universality of power sets. In detail, the power set functor P : Set — CLattices,p
is the left adjoint of the forgetful functor U : CLatticeg,, — Set.

P
%

Set L CLatticesyp
%
U



The adjunction in Proposition 3.4 is the restriction of the above adjunction to
the full subcategory QProf.

4 Main theorem NA ~ DA(QProf)

In this section, we prove that deterministic automata in QProf are actually non-
deterministic automata! Before doing that, we will give a informal explanation
on the reason why QProf is related.

As mentioned in Remark 2.2, there are two different points in definitions
of non-deterministic automata, compared to deterministic automata. The first
point is that transition is non-deterministic. This corresponds with the fact
that morphisms in QProf are relations. The second point is that the transition
in a non-deterministic automaton includes e-move. Basically, when considering
state transitions, we are not interested in whether or not e-move was used, or if
so, how many times. The only thing that matters is whether a transition can be
done using e-move finite times. In this sense, e-move can be understood under
the idea of considering a preorder ~» on the state set (). This corresponds with
the fact that objects in QProf are preordered sets.

Definition 4.1 (associated non-deterministic automaton). Let (@, (d, : @ X
Q°P — Q)) be a deterministic automaton in QProf. Its associated non-deterministic
automaton A(Q) = (Q, (0, : Q@ — P(Q))aexugey) has the following data:

e set of states of A(Q) is (the underlying set of preordered set) Q.

e non-deterministic transition of A(Q) by an alphabet a € X is defined by
d5(q0) =1{q € Q| 6a(q0,9) = T}

e c-move of A(Q) is defined by 6’ (q0) == {q € Q | @0 > q}

Lemma 4.2. By sending a morphism f : P x Q°° — Q in DA(QProf) to a
morphism A(f) : P = P(Q) : p— {qg € Q| f(p,q) = T} in NA, these data
define a fully faithful functor A : DA(QProf) — NA.

Proof. Let (P, (6p,q : PX PP — Q)),(Q, (0g,q : @XQ°P — Q)) be deterministic
automata in QProf. What we should prove first is that a (a priori, not necessarily
order-preserving) relation f: P x Q°° —  is a morphism in DA (QProf) if and
only if it is a morphism in NA. In fact, f is a morphism in QProf if and only if
f satisfies the second condition for being a morphism in NA, namely respecting
accessibility with e-move. Assuming that f is order-preserving, f is a morphism
in DA(QProf) if and only if f satisfies the first condition for being a morphism
in NA, namely respecting accessibility by alphabets.

Preservation of compositions and identities can be easily proved. O

Theorem 4.3 (NA ~ DA(QProf)). A : DA(2Prof) — NA gives an equivalence
of categories.



Proof. By the preceding lemma, it is enough to prove that 4 : DA(QProf) —
NA is essentially surjective. Take an arbitrary non-deterministic automaton
(Q,(0a : Q@ — P(Q))sugey)- A preorder < on Q is defined by ¢o > ¢1 <=
qo ~» q1 and for a € ¥, 0 : (Q, <) x (Q,<)°P — Q is defined by 0/ (q1,q1) =
T <= qo ~» qi. Then, ((Q,<),(6")acx) is a deterministic automaton in
QProf.

Two non-deterministic automata (@, (6, : @ — P(Q))sutey) and A((Q, <
), (6))acx) are isomorphic. In fact, I : Q x Q°P — § defined by Ig(qo,q1) =
T <= qo ~ q1 gives isomorphisms between the two non-deterministic au-
tomata in both directions. O

The full subcategory of NA spanned by non-deterministic finite automata is
denoted by NFA. By restricting the equivalence given in Theorem 4.3, we have
the following corollary.

Corollary 4.4 (NFA ~ DA(FinQProf)). The restriction of A : DA(QProf) —
NA gives an equivalence of categories NFA ~ DA (FinQ2Prof)

5 (C,T)-regular language

From this section, we consider the recognition of languages.

5.1 Definition of (C,T)-regular language

In this subsection, we generalize the definition of regular language in the context

of DA(C).

Definition 5.1 ((C,T)-regular language). Let (C,T) be a pointed category, in
other words, a locally small category C together with its object T' € ob(C).
A language £ C X* is said to be (C,T)-regular if there exists a deterministic
automaton (X, (d,)eex) and a morphism, (which is thought of as an initial state)
i: T — X and aset F C C(T, X) of morphisms from T to X, (which is thought
of as a set of accept states) such that

L={w=aj...an, €EX" |04, 0---0d, 01 € F}
The set of all (C, T)-regular languages is denoted by RegLan(C,T)

Example 5.2 ((FinSet, 1)-regular languages). £ C ¥* is (FinSet, 1)-regular if
and only if it is regular in the usual sense.

Example 5.3 ((Set, 1)-regular languages). Every language £ C ¥* is (Set, 1)-
regular.

Example 5.4 (group-regular language). Let G be a group and * be the unique
object of one-object category G. £ C ¥* is (G, x)-regular if and only if there
exist a ¥-indexed family (gq)aex of elements of G and S C G such that

E:{w:al...anez*‘gan"'gal ES}



. When S is the singleton S = {e} for the unit e € G and (g,)qcx is a generating
family of G, the corresponding language is the set of all relations of (g4)aes.
In this case, G has a presentation G = ((gq)acs | £). In this point of view,
(G, x)-regularity can be regarded as realizability as a solution of generalized
word problem of G.

5.2 Comparison of (C,T')-regularities

In this subsection, we compare two regularities for two given pointed categories.
The basic tool to do it is the following comparison lemma, which uses the conver-
sion given by Proposition 1.3 to construct a suitable deterministic automaton.

Lemma 5.5 (comparison lemma). Let (C,Tp), (D, T1) be pointed categories
and G : C — D be a functor. If there exists a morphism e : T} — GTy with the
property that for any X € ob(C) and a morphism f : 77 — GX, there exists at
most one morphism g : Ty — X such that

T —— GTy
N Lo
GX
commutes (in other words, the composite function of
C(Ty, X) —5= D(GTy, GX) —% D(T1,GX)

is injective), then RegLan(C,Ty) C RegLan(D,T}).

Proof. Let L be a (C,Tp)-regular language. By definition of (C,Tp)-regularity,
there exist a deterministic automaton (X, (0, : X — X)aex), initial state 4 :
To — X and F C C(Tp, X) such that

L={w=aj...ap €X" |0y, 0 008, 0i € F}

. Let F' C C(T1,GX) be the image of the composite function of the following
functions:

C(To, X) —5— D(GTy, GX) —% D(Ty,GX)
Since the composite function is injective by the hypothesis, for any w =

*
ai...a, € X%,

wEL <> 0,, 0004, 01 EF
<= G(04, 0004 0i)0e€F
< Gd,, 0 0G0, o(Gioe) € F'

. Therefore, a deterministic automaton (GX, (Gd,)aex) together with an initial
state Gi o e and a set of accept states F' C D(T}, GX) recognizes L. O



This lemma has a few corollaries.

Corollary 5.6 ((C,T)-regularity for a locally finite category C). Let (C,T") be
a pointed category. If C is locally finite, in other words all hom-sets are finite
sets, then RegLan(C,T) C RegLan(FinSet, 1).

Proof. The comparison lemma can be used to the hom-functor C(T,—) : C —
FinSet, since the function 1 — C(T,T) that sends the unique element * of 1 to
idy € C(T,T) satisfies the hypothesis of the lemma. O

Corollary 5.7 (faithful functor). Let G : C — D be a faithful functor and T’
be an object of C. Then RegLan(C,T) C RegLan(D, GT).

Proof. Take idgr : GT — GT as the morphism e in the comparison lemma. [

Corollary 5.8 (right adjoint functor). Let G : C — D be a functor and T
be an object of D. If G has a left adjoint L : D — C, then RegLan(C,LT) C
RegLan(D,T).

Proof. Take the T-component nr : T — LGT of the unit n of the adjunction
L+ R as the morphism e in the comparison lemma. U

By combining the preceding two corollaries, we have the following useful
corollaries.

Corollary 5.9 (faithful left adjoints witness the equivalence of regularities.).
Let G : C — D be a faithful left adjoint functor and 7" be an object of C. Then
RegLan(C,T) = RegLan(D, GT).

6 Equivalence of DFA and NFA from the cate-
gorical point of view

In this section, we give a categorical proof of the equivalence of DFA and NFA
and explain how it corresponds to the classical proof, which is called the Ra-
bin—Scott powerset construction. Before we get to the proof, one thing should
be noted. That is, even though Corollary 4.4 holds, the recognition of a lan-
guage by NFA in the ordinary sense and the recognition of a language by the
DA in FinQProf, i.e. (FinQProf, 1)-regularity, are defined slightly differently
(although they are consequently identical). More specifically, (FinQProf,1)-
regularity is seemingly a stronger condition than recognition by NFA in the
usual sense. In fact, a straightforward translation of the definition through the
correspondence given by Theorem 4.4 yields the following lemma.

Lemma 6.1. If £ C ¥* is recognized by a non-deterministic automaton @,
then L is recognized by the deterministic automaton in QProf that is associated
to @ by Theorem 4.4.

10



Proof. We can assume that the associated deterministic automaton has the same
underlying set @) together with the preorder given by ~-. If L is recognized by a
initial state go and the accept states F' C (), define an initial state i : 1 x Q°P —
Qbyi(x,q) =T <= qo ~ q and define the accept states F/ C FinQProf(1, Q)
by f:1x Q% = Qe F < 3Jq € F,f(xq) =T, where x is the unique
element of 1. O

As we have seen in the discussion so far, the following implication relations
are easy to prove.

(FinSet, 1)-regularity <= recognition by DFA
= recognition by NFA
= (FinQProf, 1)-regularity

The subtle difference between the definitions of recognition by NFA and the
definition of (FinQProf, 1)-regularity makes the inverse of the last implication
non-trivial, but this is not a serious problem. This is because what we are about
to show is that the seemingly strongest condition of (FinQProf, 1)-regularity is
equivalent to the seemingly weakest condition of (FinSet, 1)-regularity!

Theorem 6.2 (Equivalence of NFA and DFA).
RegLan(FinQProf, 1) = RegLan(FinSet, 1)
Proof. Apply Corollary 5.9 to the adjunction of Proposition 3:

I
_

FinSet 1 FinQProf
FinQProf(1,—)

O

This proof by adjunction is a rediscovery of the classical proof of the equiv-
alence of NFA and DFA. In fact, the conversion of DA by functor [ : FinSet —
FinQProf is the standard way to consider DFA as NFA. Furthermore, the con-
version of DA by functor FinQProf(1, —) : FinQProf — FinSet transfers NFA
Q@ to DFA on the underlying set FinQProf(1, Q) = (. This is a Rabin-Scott
powerset construction!

Remark 6.3. The non-trivial part of Theorem 6.2 is the inclusion relation
RegLan(FinQProf, 1) C RegLan(FinSet, 1) and actually this is a special case
of more general result, namely Lemma 5.6, since FinQQProf is locally small.
However, what is actually done by Lemma 5.6 is the same as Theorem 6.2,
which is the conversion of DA by FinQProf(1, —) : FinQProf — FinSet.
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