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1 BA

topos ORI MEZEM LoBOE T —RIL L TH L. BOMERIIB W TEARNREE 2 R THIED
B OBEIEATEEICIR 5 2 WEE D topos I2—f{bE 3. FRAD full subcategory TH - THDIAA
W lex B EREMEZ 7D b DX subtopos ¥ FEEA, b RR ED lex idempotent monad ¥ XIiHLTW5E., X5
WZIEEBHAR Z 212, subtopos & Lawvere-Tierney topology & FEIZA % topos-internal 72 EHHEE T d—
A= tg 5.

—75, topos & E® lex comonad G IZDWTH, Z®D (co-)algebra DE £C IZFH U topos 1272 5. ZD &
512 LT 5N % Geometric Morphism £ — £° % surjection ¥ W5 . FXTD Geometric Morphism 1%
AEINC—E2 5T, surjection & (subtopos ®)embedding DERA L HREZ 5.

Z Z T, subtopos ¥ surjection & factorization system D TR ERTEEEZ LT3 XS IRHEL /.
LA L, surjection i subtopos IZHERTERIZIEFIE LS 2 Z ¥ IZIHERE LW, subtopos 1& Lawvere-Tierney
topology &XfIs % Z & h 5, YA locally small topos (il 213 (small site I-®)Grothendieck topos) 2
FLUTH small fHL27RW. LAHL, Set & Z 5725 TD Set 5 5 D surjection 1 proper class EFFTE L
TW3., 22X, M35 (co)monad I idempotent TR I N TV BB L TARENRENDD 5.
subtopos 1% lex idempotent monad ¥ XfJi5 L TW 2 DIZH LT surjection & lex comonad & MG LTW5.



Quotient topos (& lex idempotent comonad & M3 2 #&ETH 5. Quotient topos 23NN Z L7
fE£5 %7, topos FICKIET A2 HEEIXH 5 DD, IXELRMAERTH D, Lawvere ® OPEN PROBLEMS IN
TOPOS THEORY [9] @ (1) £ LTHD RiFohiTtwad. ZOXEEKZ DREANDHEEKD B £ T quotient 12
DWTERLI DM TH 5. XEMBIIEZLMRINOEETHD, AT RWAMBPERINICHAED
52 2BELLEDDITIIR o TWIRW,

2 —EBEMlohLWVREEICcOWT

BATHBNL 1T, TOXEIRZEZDRRINHE > TENTED, KRIVICEINLDOTIERV. H
LIREHRZ D D BICHHIRONT WS Z 2 2 5ER Y, XERTHUBMZZMNOHETTENT 2 Z
LHH5. ThoRFIELTSL.

quotient, connected geometric morphism

e essential quotient, colevel

atomic quotient, logical quotient
EDRARRE, HAHIAE

o lax epi, HFEWE, solid

3 EHEZWLD2H DA

Definition 3.1 (Quotient topos). topos £ d quotient topos & &, £ d full subcategory £ «» Q TH - T,

o HDIAAD lex(£TD finite limit Z{RD)
o HHIAAD right adjoint Z D

BT 0R NS,
E DU % Geometric morphism f T» - T inverse part f* 23 fully faithful b D, ¥ FoTHWL,

Example 3.2 ((iiABE). (AHEE T 12oWT, T AL %5 (BEOR) B2 70 v 2 <. T O#EAEERD
topos T Set 225 T° DLEAEFHD topos TO Set ~DIEHAAIE Quotient 127> T3,

Definition 3.3 (well-founded quotient). cocomplete topos £ IZDWT, % ® well-founded object 2> & 7%
3 topos Ey.r. 25 DFDHIAAIE Quotient TH 5.

4  B¥{EH topos M Quotient topos

file LT, BEGMEZSNFIC G OEERD topos G Set := Set” @ Quotient topos ZIRET 2. #f
Filk, £ TD Quotient topos & example 3.2 D THHEBEI S5 2 505, LWVWHIDHDTH 5.
7, M L CHMBOHEE T 5. ZOXELITOHELZERLTHBL.

Definition 4.1 (FZEAHHEE). AHHEE T 2383 (plain) TH % & 1&, T ® open subgroup M Hifiijt e € T O
ARG REZRT IS,



Example 4.2. p #8H 0 p EHREC X 2 M HHEE 2, 3R 7208, e Buclid FEHEIC X 2 AHEEE R 13k
TR,

Definition 4.3 (IE¥l7 4 V& —). # G 122\ T, ZOE7E  AEBEGRORTIEFES GEMEIck2) %
SubGrp(G) £ #H<K . SubGrp(G) OHELETHEZE & 2H/EICBI L TPAL 7 filter 28 G OIEH 7 4 VX —
CIERZ TS, DFD, BEG OIEM 7 4 VX —r X, SubGrp(G) OEDHEE F TH->T, LIFD 4D
DEMERI2FTHDEVS.

GeF

WEBRICHZHIHHCH cGitowT, Hc FRoIWEH ¢ F
e HH e Fxob HNH € F

e Hc FhDogeGibgHgt e F

EiZ, BEGITOoWT, GRBRICHOMBEMBEEEE G LOER 7 4 2 —3—R—IZHIEL, ¥ 51
G Set ® Quotient ¥ —R—Xf53T 3.

Lemma 4.4 (GBS HIEH 7 4 & —). LB T 122\ T, T @ open subgroup DS FIZ T DAL
2% (M) BT LOIER 7 4V R—% 5% 5.

Proof. M. O

Lemma 4.5 (IEFl7 4 VX =256, B G ¥ G LOIEH 7 4 V2 — FIZOWT, F % open subgroup
EROEE L LTHD & 5% G LOMRMHEHEEES —ENIFEET 5.
Proof. G DERHERBEU &

U={gHJ |g9,9' €G, HeF}
YEDDL. U RFEEY T AMEMEEEZNZRY. FREEREsEHE2 L 2BETHEITWE Z 2 2B
sy, gHy =gg'(¢ 'Hy) ZHT 2T

U={gH |ge G, HeF}
Bbhird. ZOZZMAT LR, O
Theorem 4.6 (G Set ® quotient DRIE). B G ITOWVWT, DITD 4 DOMEE— M —1c0/5d 5.

1. G Set ® Quotient topos*!

2. G Set Lo lex idempotent comonad*?
3. G LOfRMAHRAEE

4. G LDIEHT7 4 V& —

Proof. 1 & 2 OFMIE—EZILDD. 3 & 4 O—Xf—MBIIFTZDOD lemma 22HEBIKES. £z, 305
1 21E3 77713 example 3.2 TN LTWS. 15256 4 21E2HEETLRT 5. quotient topos G Set «+— Q
PRI 5. 22T, QI strict 7 full subcategory TH D (Q OXRLHIE GSet DD DT LTEAK
T), GSet TORFFHICBEHLTHAL TS DL LTEZTRL.

ez, HeiAs ¢ AT ERIE X 2 FEE
*2 BEICI3 2 D comonad ¥ LT ORI



FH—DERY LT, Q% GSet IZBIF 3 finite limit ¥ EE D small colimit # strict IZ create 3. #E-
T, FFIZ terminal object 2 DDEHNITH %, G Set TD subobject classifier > TW3. %7z pullback T
HE L TWB DT Q& subobject ZMZIETH U TW2. #EoT, QDRR X IBL T, X OFZBFEN S
b QITA->TWS. —J, small colimit TEHUTWB DT, QIZA->TW3EKER Gset d small coproduct
H QIIA-TWVWS. & ZAT, #iik Gset 13 G O H ZAVWTHREG/H e 235, 57T, QI
KD & 57 G OEFEHONBE

Fo = {H € SubGrp(G) | G/H € ob(Q)}

WX TREZING. Fo ld Q DXRDB 3 ILD stabilizer ¥ L THIZHHE2ROES LS > THRIL
ZrTH5b. FoWBGLDIEH7 4 VX = ZEALZV. QI finite limit TEHLTW5 DT, FFiC
terminal 2¥f5 G € Fg ¥ 72 %. %7z finite product T L TW % DT finite intersection THEH L TW3
(stabilizer ¥ LTEZX 2 BW). G/H ¥ G/(gHg ') 1Z Gset £ LCHAAZOTHEHTHHAL TV, &
#®iI, HC K C GR2MOHOAEEENHD, Hec Fog THBELTKE Fog 8L, ke K ZkIZ,
Sy = HNkHkK™' YEDBY Sy H 725 Gset DIt e : G/Sy — G/H ¥ Sy — kH 72% Gset D4t
sk : G/Sy — G/H % well-defined 120 —TEINCHED. Sp € FThHb. foT

erk *e
H G/Sy, —=G/H
keK Miex =k

7% % diagram & Q OHIZA->TED, ZOd coequalizer TH5 G/K b QITA-TWS. {-oT K € Fg
Wb oz,

IS DWIER—H—MIEZ 52 T\d Z L IAfEHRICHERTE 5. O

Corollary 4.7 ({ZHHEHERA D b KR D quotient DIRE). [itHEE T 122>\ T, @k T EA D topos
T Set ® quotient topos 1, T ® open subgruop 75743 & 5% T° EOEMR 7 1+ L& — & — 12 HIG
5.

Proof. T Set @ quotient topos 1% T° @ quotient topos THH 2 I L hbbhb. O

Example 4.8 (quotient of Z Set). SubGrp(Z) IZIFEAEEE & BRMGRD 2 FTEMHK (N,|) &€ KREFRMTDH
5. 237 —RAETHZDT, SBOIEIEE DA THS. -oT, ZSet D Quotient topos(B & f
7 L OfSFRMMHEBEE) & (N, ]) @ ideal(7 4 L2 —DIHR) & —X—1I63 5. 2 O EH AR E
JE 2% TH D, subtopos BEIAK 2 DLW L ¥ HIBNTH 3.

JEEB R T =N > 5745 ideal IZHIGT 2 MHEFHIBERAETH D, WS T % quotient 1% Z Set 24T
Ho. —f, T={1} 7207 2 MAEEHIEERMHETD D053 % quotient 1 Z Set +— Set (well-founded
quotient) TH 3.

b5 LEREWEIZ 2 5. ideal T = {1,2,3,...} 1ChHE3 2 MIAEEE profinite integer Z DR BE Y
LCONE Z THH, XWIET % quotient 135 8GR D D ERR Zset 2» & 7% % full subcategory TH 5.
Z D topos 1& Freyd D3 [5] ORfiE 12T, TAC 23iifife T2 0AY (R LIE L < 720 Z & 12)well-founded
TRV topos Dl LTHNEINTWEDTHS. £z, Fp Zrig, I={1,p,p%p3 ...} 723 ideal
HIFEL, MBS 2 0AEEE p B 7, OF L LTD Z THH, M3 % quotient [FHEFERL T DK =
SR pRXFTHDB KSR Zset 55725 full subcategory TH 5.



Example 4.9 (FIHIEH 7 4 L& —). (section 9 ZFH < & ZDIBERL)

HGCOERIANE—-FTHoT, 74NVEX— LTHEARRb DEEZXS. 2%Fbh, 2 H c
SubGrp(G) ZHWT

F=H* (={H €SubGrp(G) | HC H'})

EPFBEOBRFREZL. Z0XI HIRFOLETOHEHITHY (o T—RBINIEED), FOD
ERED & BRI IERT B CRITUI R S v, G LORIEIER 7 4 V& —13 G OIERE R, o
T G OFIREE (ORIREAG & v R & —0f—cib3 5. EREOE H TERINE 7 4 VX —
FTHIGT % G Set @ quotient [ 3FIREE G/H OFEFHD FARRA G/HSet THS. ZDEX5IZ, BHEHD
FIR P RRAIHORREZIIRT 2R ES 2 TE L. bRAIKE, MIET 2 RS IR
G — G/H\ZX->THEERE G/H OMitHESIZERL-dD AN S, X DFHLWVERX exmple 9.8 THK.

5 BIEER® Quotient ZiFE 9 2HF EEHAXEEF

‘i, COBEDONAEL BB L@ X 1] Z Ro0 7. LUTTE 2 2@AEBTE, (1] T3 lax epimorphism
IR TV S,

/N C, D BIDBITF F : C — D & geometric morphism F, : Set® — Set?” #3583 2. Z D geometric
morphism X\ D quotient 252 2D %E 2 5. D% D, precomposite functor

— 0 FP : SetP” — SetC™
A fully faithful 127257200 F IZE$T 2 0B T9&MEE2EZ 5.

Remark 5.1 (surjection 25 % %2%&f4). F : C — D in Cat A% surjection F, 2583 2 7D DME+ 75
XD DIEEDONRD C DR (D FIZ X 3B) O retract IZKR->TWAZ e THS. BREMHIT[10) D 7TE
HEDSHFTHD, HL v, M ([10] TOEKDE D BB X D IZEE7ZA3, )d € ob(D) T ¥
Fc— d DFROHN» 5725 d 1O sieve(dD characteristic map) ICIFEE T 2 LFEATE 5.

quotient %5 -2 2 &M IIFE M2 HAE X 5. /NE C 55 locally small category D NDOEF F : C — D
DFETH % ¥ 13, restricted Yoneda BHF
D — Set®”
W fully faithful 72 Z & 2\W5 DTH o 7z, KEHEDIAALD fully faithful 72 Z ¥ X D F 23 quotient 5 2 %
72D121E F %7 & 2 3R BLEHTH 53,
Z DOHIDFE D TR Z RO /GRS ELZEAL, F, 2 quotient 22 & ¥ DEMEMEZFFHT 2. 20D
%, FAZMEDF Kan 55k (density comonad) % W2 RH0 I HTW IS S 2 BFEHZ EORO T 2N T 5.

Definition 5.2 (F 77f#&). B9F F:C - D in Cat iI2WT, l:dy —d; in D D F53fgri%, ceob(C) &
fo tdg — Fek fl :Fe— dy O (fo,C,fl) TH-T, l:flofo

do — Fe Iy gy

l

*3 AETE R, fEARA Y LTI, 0 SEEED S 1 SEEEAOBF 0 — 1 55 5.



BBHOENS. L:dy — dy O F 5IROE Face(l) L 1%, | O F SREHRIHD, (fo,c f1) 5 (fo e, f])
ADHNZ h e — ¢ in C TH - TROAHNE

Fe
do Fh dq
fo f1
e

Ziilz3TdDEWNS.

remark 5.1 TEMN L7 F, 7 surjection TH 372D DB+ &M, F 7OSETS
d € ob(D) IZD\WT Facp(idg) DZETRWVWI . TH S, S5 5ERT 2EMEEIXZ DM &
WHDTH 5.

ZIFEED
UNEESE:

Definition 5.3 (GEFEFAZEM:). BF F:C — D in Cat 2EEHHETH 2 21X, TED I :dy — dy 1ITDWT
Facp(l) EAETHZ %W,

informal 121%, D ANDERED “KE” [ : dy — di 20T, REAND F 0% (FIEL) @72 - T
w3,

Proposition 5.4 (Quotient DFFEOHIE). BIF F : C — D in Cat IZOWT, LUTIEFEA.

1. FI3ERH
2. M XN 3 geometric morphism F : Set® — Set®” 1 quotient
3. — o F°P : SetP?” = Set®” 1 fully faithful

Proof. 2 ¥ 3 ®FEMEMEIZHEIC quotient DEFHTH 2. 1 & 3 DEMEMNZIHFT 2. 313 —o FP : Set?” —
Set®” ¥ ZDERELE FP - Set®” — Set?”” & KA (counit 2/ LT )idgyoor ¥ HARM R Z & & (BikET
WObZITHZ L) AMETH 2. HiEE SetD” 5 & DAEHETFIIRBATHEMF 0T ZED A THRE
5. FP 3k Kan R TH 2 BN 583, Zh% coend ZHWTEEZ T T LEED dy,dy € DIZDOWT

ceC
/ D(do,FC) X 'D(FC, d1) —_— D(do,dl)

DEEHTHZ e vEER Z e bh %, ZHULEERAEETH 3. O
Example 5.5 (BEECIFR M), AT/ 4 FOEDALLERA : N —» Z IZFEXh2EF
— 0% : Set?” — SetM”

Z, REtHC2HEHFOE» b ES L HOEBROBEANDEHDAA L ARES. 2 (EENCL TS
b3 X5 )tully faithful TH 2. ZDZ & ZEERHEEDL O HERT 2. Z OME—DONRE « & F

*AEER B x5 1 OTHB L



. ng+ni = mog+my BE3EE ng,ni,mg,m1 € ZI1Z2OWT, ng < mg7bH mg—ng € NTHD,

no + (mo — no) = mo 2 ny = (mg — ng) + My

* mo—no *

L5, ko T i WEEHETHS. (XDRELE, LHO | € Z 10T Facy(l) BIEFES (2,<) L E
AACH 2. )

Example 5.6 (B2 R BRI T 7). (section 12 2L & ZDiERL) B Par %, MR%® 2L, 20
Mot & id Dit 4 205 %2 OB L T 5.

Par L 0#1EE Set™™ ™ 136161275 7 D7F topos TH 3. F:Par —» N &, WFHD>H 1 0% F(s) =
DeENA, $5—2% F(t) =1 NABTILTEDS. MF FICHEEIN 2T Set™” — Set™™ 13,
YR (X, f - X = X) %, X 2[EHSERCHD [ ICL2BBHGEZLC DERS 7 7~ BT, E
& FARERAZETH 5. HlZI1E, 3€ NIZOWT Facp(3) IZRD Ny £ REHD (GEiGR) IBHFEETH 5.

©o,v.3)  1Lv.2)  (2,V1) (3,V,0)
0,B5,3) (1,52  (2,B,1) (3, E,0)

Lol &b¥ET, HAZT 7D FEZR Set™ ™ 1%, ZSet ® quotient topoi #4T quotient ¥ L THH,
D7 v b HEREEM D quotient topos ZHfD.

Remark 5.7 (i L OB, #7D Example $, Proposition 5.4 OFEHAICBIF % coend DFKFLDH, 7>V
NEZEAZ RS, AR A, B £ ZOMORERE f: A — BIZOWT, HFHEXN2 INEHE DR DBF

£ BMod — AMod
A fully faithful 12722 729121%, B % AMBfL AR L7 2 OXDHf (counit)
B®aB—B

MRBNCR 2 Z e SHREATHS. ZD I 2IX Proposition 5.4 £ [ UHIETIFATE 5. (2022/02/25
D) FEAIHCY, f: epic FTEDTRMENRTT . See [13].

(section 12 ZFH K & ZDiBGL) Z DMNEEL OFELUIFHC [3] TD solid ring # H% & X\,

*5 7oV VDS AR DB BT % pushout TH 2 Z L ICHEETHUE, HUC f Mepic THBEWVWH I ¥



Example 5.8 (i MR R). fEED cocomplete topos £ IZDWT, geometric morphism £ — Set(D[FHY
H)IZH xO 1 DFET S, ZOHD quotient 525 & %, EFE#E N RATHL2 e Fbns. MEC I
DWT Set®” AR FRRATH S LIECHMETH 2 L LAETH 5. 02 &2 dEfEty o ik
¥ 3. Wi—D geometric morphism A : Set® — Set IZBITF1: C — 1 KFHFEXN S, 1 OME—DEF id, I
SV, Fac(id) 2 CTHBDE, |:C — 1 AEFEHETH 5 D13 C AEETH 2 2 L LTS 3.

Example 5.9 (BEERAY). (section 10 Z&FH { & ZDEEL) HERA ¢ : G — G PERTAETH 2 08+
SMHZEHHEERE (BIF L LT full) R TH 5.

Example 5.10 (BAFDEM). (section 10 ZFE < & ZDiEE) BIFOHE {f : Cx — Dataca IDWVWT, EAH

DEICHES 2 BT

1 D B2

AEA A€A AEA
EEZD. ZOLE, [[iep HVEMAETHL L, RO X e AIZOWT fr 2EHHETH S 2 Lid
FETH 5. Hl212, EEOE CIconT, WS O TES (RHEIE L A7 Lz b 0)m(C) ~OFEER)
REAF C — m(C) W ERERAETH 5. FlOHITIE, Groupoid MOMF F: G — G »PEERETH 2 DI,
F S ofic—it— G2 52 THh, LR FHPll R ETH 5.

25, ERFEEOE Kan 5k VRO ICHE2B Y. BFC > DrWHETH 2 i,

c—X D

Nled

ME R Kan IR TH 5 Z L L RETH o7z, EiF, @ERHETEE 2 0/ Kan #RiRAY (CAT NT) #int Kan
PIRTHZZ L FAfETH 2. Z 2T, #ix Kan #E5RIE 2-category of locally small categories T O s
Kan fE5RD Z 2 28 5. ©2F D, {EED locally small category NDETIZ & » THREFEE NS Kan HEIRD
LxeT.

Proposition 5.11 (GEASHZME & ioef Kan #53R). BIF F : C — D in Cat I22WT, LAFIZF/E
1. F:C — D Id 5%
2. FOP : COP — DOP |FHAEH%
3. fEEDF A: D — Set iITOWT

C F D
\ ﬂid /
F idp
D

Set

134 Kan #5538
4.
c—f
R ﬂidF ldD
D
Wit Kan 558



c—f
D
e Kan 35

Proof. 1 & 2 OFRMEMHIGESERZEOERD SEEE,D SN S, 2 & 3 OFE{EMIE, 21X Proposition 5.4
ED —oF :Set? — Set® ¥ 2 DHEBFHICOVTD unit AV iso A L LFAMETHD, ThEEEXTLEDD
B3I THBZLhbbns. 3t 4ORMEME, 3=4 HIEEIIZED, (%5 Kan FROAR 2 ZAUE) i
7 IRCAEATE 5. 2 ¥ 4 OFffEMED S, 1 & 5 OFEES DH 5. O

HELRLZIA%2F e THL.
Theorem 5.12 (HifEEC quotient ZFAE T 2B F). BT F : C — D in Cat IZ2WT, KU TMIEFME

1. F:C — DA%

2. F°P : CoP — DOP | JHEAEE

3. BE XN 3 geometric morphism F, : Set®” — SetP” 1z quotient
4. — o F°P : SetP” — Set®” 1 fully faithful

5

Wi A Kan 3558

6 EEFKRZ

Z DHITIX Set ND quotient % 2 5. Example 58 TbEML7=L51Z, PKRX E 25 Set ND
geometric morphism % (€ A% cocomplete 72 HFEL, T HZ) FETIUI—BNTH 3. I Ac: € —
Set #FH L. UTTHRSX51Z, Ag 2% quotient TH 2 Z &i& £ DEFEMICHIET 5. (quotient 252 %
geometric morphism @ Z ¥ % connected geometric morphism ¥\ 9)

%9, PRRAOERMNEZERT 5. MHZEHE X EOED FARZ Sh(X) IZBWT, terminal @ subobject (&
X OBEE L RIGL TV, HES bR DERIINAHZEM O Z (ZIEIZ) PRRIHIRLEDDTH 5.

Definition 6.1 (3### IR R). (elementary) topos £ PHFETH % £ 1%, non-degenerate topos TH o T,
lg D subobject Og < Sp, 51 < 1¢ THoT, SOHSI 1 2% HOPFIELZNI RV,

Example 6.2 ((iHHZEH EOED MR R). AFHZERE X 122\ T, Sh(X) 2Ek P RRATHE I X B
(hitEZEf e LC) HEiETH 2 Z L IEFAETH 5.

(locally small) category OXFR—MLITONWT, EAEEIIRD XS ICERI N TV .

10



Definition 6.3 (HfESR). B C DR ceC (TH->TC(c,—) : C — Set BIFIET % D D*0) HuEAERI R
THbdriE, Clc,—):C — Set BMERD small coproduct ZfRDZ & ZWV 5.

Top “C DEAE NG IF L D FKOERE R A AHZE-TH 5.
Xix, [7] O Exercise 4.8(ICP LEEMRAHD) TH 5.

Theorem 6.4 (HfEME L quotient). non-degenerate topos & TH - T Ag : £ — Set ZHRDOHDITOWVT,
PUFIE A,

1. Ag : & — Set I quotient

2. Ag™ : Set — £ & full

3. & IERG

4. EZIEEARBEMDREZ R0, DFED, topoi £, L ICDOWT EX2E xE Kb, £,5 DI>bD
724 ¥ d—/1% degenerate topos TH 3*7.

Ag, : € = Set 1 coproduct £

6. terminal object 1¢ \FEAENRTH 3.

o

Proof. 1 = 2 & quotient DEED HHH. 2 = 313 E(Ap',A™2) 2 E(lg,1c + 1) ZERB LR
Vv, 3% 4 ORMEME, 3 = 413 (lg,,06,) + (0g,, 1e,) = leyxe, 7B, 4 = 31 So + 51 = 1e %5
EXE/SyxE)S bbb, 3= 5%, E(lg,—) THRIZNZZW coproduct 225 1g DIEERRERI S FED
BohdZehrobhd. 5t 6 DREMEIZ A, 2E(1g,—) BN S, 5= 11F, unit

idset

Set Set
\ ﬂ” /
Ag* AS*
£

Hiso R ZRIMIRWV. 5 ZIRETIUI EDO=2DFIX (terminal &) 2T small coproduct %&£
DT ok. O

7 well-founded quotient

topos X E G D FH & DL TH X2 72D well-foundedness &2 5. DFhH, 2TDORNED von
Neumann hierarchy OHIZIN 2 ¥ WS KR EZ 5.

Definition 7.1 (von Neumann hierarchy in topos). cocomplete topos £ IZDWT, Z® von Neumann

hierarchy ¥ 1%, XOAXTITHEEFRMNERINLIEFE o THEFIT LN E DNRDOBEV, D%

W,
Vor=P | ][] Vs
B<a

Z Z°T, P& power object &

*6 ¢ 73 1ocally small % &5+%7
*7 topoi DE Y L TOEMIE, geometric morphism OEKTIXEMTH 3. H->T, TORMIZIEEFREMDRERFHZZ 0L WV
SEHROEEETH S,

11



2T, ZBREANZ initial object D Z X R LTW3. 2% bh, Vo = P0) & 1g TH3. ¥z,
P(le) = Qe 1& € D subobject classifier TH 5.

-
[
[ass

Vi
Definition 7.2 (well-founded object, topos). cocomplete topos £ IZDWT,

o &£ DX X 7 well-founded TH % 21X, HFH a BEFEEL X A V, @ subobject 12745 Z ¥ *8%
W,
o £ 7 well-founded TH 2% 1%, £ DETDONRM well-founded THZ Z L Z V5.

Definition 7.3 (well-founded quotient). &y ¢. & well-founded 7% object 22572 % £ @ full subcategory %
-

Lemma 7.4 (well-foundedness % RO ). cocomplete topos £ 12DV,

0g : well-founded

1¢ : well-founded

Q¢ : well-founded

X : well-founded 7% & X @ subobject % well-founded
X : well-founded 72 5 X @ quotient* % well-founded
X : well-founded % 5 P(X) & well-founded

X,Y : well-founded % & XV % well-founded
well-founded object @ small limit (% well-founded

© 2 N o WD

well-founded object @ small colimit (X well-founded

Proof. 2,3,4,1,6,5,9,8,7 DNEIZFEAS 2 & K. 1,2,3.4 1% well-founded DEZED SEZ DS, 61X 3128
3 % Beck-Chevalley condition 2% 2 4UX L. 51X 6 & (contravariant) powerset functor 2%z % & &
W, 913 coproduct & coequalizer IZDWTREIXWW. 5 X D coequalizer 1& ok. coproduct % (index (2B
LTI #EE LO) ., Vs DEORRITHDIAR, &I monic { }a: A— P(A) TV, I
HADIZREWV. 81F 9 &AM product IZDOWTREIZWVWA, 9 ZFIHTHIDALS. 7% monic (—)Y
EABEREA DT monic { }x : X — P(X) % monic XY — P(X) 2 P(X xY)ALBT. HLiz468%
FAThEDbD 5. O

Remark 7.5 (Grothendieck topos &\ 2 well-founded %). £ &5 & DBFRT, Grothendieck topos
Sh(C, J) 2o well-founded T®H 2 MIIZEED B 5. HR, £ TORBEATRERETF y. DELD well-founded
TH23 IR BEZHETHED, EEOEEZINSD colimit ¥ LTHIF3DTED lemma & HEiZHEL
FTH5. HlZIX, £TOD localic Grothendieck topos (Cohen topos &¢r) 1& well-founded T 5.

Proposition 7.6 (well-foundedness DF-01F). cocomplete topos € IZ2WT, well-founded object 4=
D27 FZ 0b(Egy) &, UTO=DDRIETHAL ob(E) DR 7 ZADI bEm/NDHDTH 5.

e power object

e small coproduct

*8 B2 monic X — Vy BDEIET B2 L
*9 BZ X 726D epimorphism Z#HONRD Z ¥
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e subobject

Proof. ¥, 224X D coproduct & initial object DT, 287 7 RAFFEINHBVWILIRERLTE
. ZOD#ETHLTWVWE Z eI LD lemma 250D % . F/ME well-founded object DEZED & H D>
5. O

geometric morphism f : £ — F 2% atomic T 2 &, inverse image part f* : F — &£ 23 logical
morphism 722 £ 2\ 5 DTH o 2.

Theorem 7.7 (well-founded subcategory (/N ® atomic quotient). cocomplete topos £ IZDWT, #H
DiAA E < Ey g, 1 atomic 7 connected geometric morphism (quotient) 252 %. & 512, atomic 7
quotient DHTHR/NTH 5.

Proof. #iAAHD lex 72 Z i lemma 505 5. F/IMEIX LD proposition 225005, HDIAARD FFE
RO Z 2 BREIXREW. £ @ cocomplete ¥ lemma @ 9 FH XD, LEDONR X € € 1 well-founded 72
subobject DHFTRADD D Xy ¢ — X 2D, well-founded object ® quotient (X U well-founded 7= -
72DT, well-founded object 225 X NDHFD image & Xyt LT TH 3. /o T, Xyt — X ZHDAA
E+ &y WHTLIEENTHS. O

8 hyperconnected geometric morphism

BEEH @ topos @ quotient %, cocomplete topos @ well-founded quotient 3, HDHiAA £ < Q Df
BEFEE TQ A TV BHERINRDOFTRADS D L WS TEZ N TV, HWHORWERKEDT MR
MHEBEEZ 522 L WS BRIZ (RWIER e —REHEFERE» S S FIE AR CTEETEIERL D
D )coreflective subcategory Tld & { A} 2 88—V TH 3. DX —=VIZHTIEE S quotient 1ZDW0
TEZTWL.

¥ HZT, well-founded quotient D7 — 2% — L L THEL.

Proposition 8.1 (quotient DL TED—2). locally small cocomplete topos € &, £ ® full subcategory
QIZDOWT, Q(D essential image) A3

1. small coproduct
2. quotient
3. finite limit

THLTW2R5, EYHIAAE «— QLML DH, QX E D quotient 5.2 5. X512, WMiHT 2 lex
idempotent comonad G ® counit ex : GX — X (FEfED counit £ F -5 THME L) & monic THH, X OFf
DIRT QA2 TVEHDDOHTHRADLDELEZ 5.

Proof. BIZFHOMET, QWEFRAEITEH UL £ d strict 72 full subcategory 72¥ L TR, ZHUIHDIAA
O essential image ¥ Q OEFfELH Z UFE B ICIES b XN b, —BHEABEFEEEZHVS. £3,124&D
Q 1Z cocomplete THDIAABIFIZZNZRIET 5. solution set condition ZHEFRT 5. (EEIC E € ob(€)
5. Sg :={M — E € Subg(E) | M € ob(Q)} & (YN FHHHED &5 KK T2 AU )small T, Q € Q
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o DIEEDS f: Q — E I image factorization 2225 2T, 2&D SgdH>brhrzeiEld 5. 3
&b, HDAABEFIZ lex DT QX E D quotient 252 %. GE 23 QIZA> TWVWARKDEZTHRTD
52X, eg: GE — E ® epi-mono 7D mono Fh77H3 unit DEH B E-T I bbb b. O

quotient 23 Z DB TR SN S L IFR & 720,

Example 8.2 (Z DT S8 quotient). G AHZEH X 1I2OWT, A: Sh(X) — Set 1% quotient
52TV L L, A* @ essential image %5 quotient TEHCTW2 DIk X BEBMHTH 2 L EDAT
H5.

PEoT, ZOWKTHE SN S quotient & quotient D 5> BHRFIRZ A2 R LTWE. fARTAD &,
hyperconnected geometric morphism &\ 5 ZR{IAIDWTWT, HERIVIC S BEREE| 2> Tk,

hyperconnected geometric morphism % E# 3 % §ilZ, subquotient &\ HFEEIAMIC L TH L. MR
Q D3R X D subquotient TH 3 ¥ 1%, X D subobject 2*5 Q D epimorphism FHET B & E WS,

Definition 8.3 (hyperconnected morphism). geometric morphism f : & — F 2% hyperconnected T &
% &iX, inverse image part f* 23 fully faithful THH (D% D F I £ D quotient TH D), T HIZ f* D
essential image 23 subquotient TEHLTWA Z &2\ 5.

hyperconnected TH % Z & DRHOFIEVA VWA LH LN TWT, ROEHEIX [6] D A D Proposition
L6.6(1H LEE MR T D) THS.

Theorem 8.4 (hyperconnected ®[FIfEZEMF). geometric morphism f : € — F IZDWT, ATIFEAE.

1. f X hyperconnected

2. f X quotient 5.2, f* O essential image I% subobject TEHLTW3

3. f & quotient #5 2, f* @ essential image {& quotient TEALTW5. (D% D, Proposition 8.1 T
Wl Eh3)

4. BafE f* - fo @ unit B counit H monic TH 5.

5. f X quotient 5 %, XHi5F % lex idempotent comonad @ counit G — ide 1% monic TH 3.

6. counit €g : f*f.E — E 1%, E @ subobject T®H - T f* @ (essential) image {IZA>TW\W5HDDH
TRADHDTH 5.

7. f+ 1& subobject classifier ZfR7FE 3 %

8. f* AEHHE X € ob(F) &L ICHET B RERA £+ : Subr(X) — Sube(f*X) XFARTH 5.

hyperconnected geometric morphism &, localic geometric morphism & #£iZ Geometric morphism D&
TR ES5Z%.

Definition 8.5 (localic geometric morphism). geometric morphism f : & — F 23 localic T 5 &1, £
DIEEDONRBD 2 F ONEF O f*iI2X 3B f*F @ subquotient TH2ZZ & ZW\S.

Example 8.6 (#ifgME). BIF F : C — D in Cat IOWTC, FE X413 geometric morphism Set®” — Set?””
M localic TH B Zr & F H faithful 72 Z L IZ[FETH 5.

Example 8.7 (embedding). geometric morphism f : & — F & embedding( f, 2% fully faithful) 72 & f*
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73 essentially surjective 72 DT localic TH 5.

Example 8.8 (£%). localic geometric morphism X &K T T TV, #i2 20Hl& D, {EEOAMHZER
( or locale) X 12DWT, Sh(X) — Set i localic TH 5.

RD5ERE [6] D A @ Theorem 4.6.5 TH 5.

Theorem 8.9 (hyperconnected-localic factorization system). fEE ® geometric morphism f : £ — F
%, hyperconnected geometric morphism ¢ : £ — Q ¥ localic geometric morphism [ : @ — F OEHK
£ — Q — F N\t up to natural iso T unique {Z, up to natural iso THRIN 5.

Example 8.10 (BFI2iFE X % Geometric morphism O 77f#). BIF F : ¢ — D in Cat & full and
bijective on objects functor G : C — G ¥ faithful functorH : G — D IO fRENZ. ZOFRICHEEI N

N

% geometric morphism D73 iRl hyperconnected-localic factorization T# 5.

Example 8.11 (quotient D73 fRDH). B Par 2, MRz —Ofbh, ZOMOUMATH E id DFF 4 D04t %
bOME LT 3. Par FORNEE Set™ " 3 HH 2 S 7 DRT topos TH 2. Par IZEHEEDT! : Par — 1
DFFEEF 5 geometric morphism A : SetP™ 5 Set 1% quotient TH 5. A ® hyperconnected-localic
factorization ##E 2 5. (—MDBTF (in Cat) TTE 23 LS IZ)Par — 2 — 1 ¥ 5 full and bijective
on objects functor ¥ faithfull functor NDHRICFHEE XN 3 Set?™” - Set?” — Set KD TV 2
hyperconnected-localic factorization TH%. ZIT, 2@ MNRE2-20,1 bLIEHHLHZ D201 %
bOBETH 2. Set?” 13FMHDEF topos £ EoTh &<, Sierpiniski space LDJFD topos £ 5o ThH W
V. B2 7 70 topos Set™” o full subcategory ¥ LT#EZAUE, Set 32 TOMNRICL—F (HCT)
BB x5E—0bD, WEZNSNAFEL BV RS BEAY S 702 5 2T 5. Set?” 13, £h o0
subquotient £ 223 EMT T 7, DEDVEREDIABN—TTHDBLIRBAT T 7DT 7 RALXIET 5.

Example 8.12 (LOFIO—fBAL). (EED/NE C 2oV T, HilHFES Pe XD X5 ICEHKT 3. Pe DIC
FCOMRBRTHH-T, HF X <Y IR X Y OFKETERTS. £/, BC OEERDTOEAEE 70(C)
Y ELH BRBETC — mo(C) WWEMBFHETH S, LoT, FHIND Set’ - Set™ @ 1z quotient
T# 5. ZO hyperconnected-localic factorization 1% Set®” — Set™e” — Set™ @ ©E 2 5 3.

Remark 8.13 (surjective-embedding factorization & @ tL#g). geometric morphism @ 73 & U Tl
surjection-embedding 23 %7225, £ T® quotient I surjection 72 DT quotient 2B L CIZIEEIA R 2
% 5 2 T,

9 hyperconnected & DIEWT S5 X

AIOHEIT, FAlE A THE 515 quotient D2 5 A ¥ LT hyperconnected #EA L7z, BiAfHlL L
TRBIEAD F RZD quotient % well-founded quotient 22T Tz, LA L ZH 5D quotient 1FHIZ
hyperconnected ¥ W5 IZIFMHEMNR T E 3. hyperconnected & H & 5128 quotient D7 F A% E X 5.

hyperconnected 1%, geometric morphism @ direct image part %% subobject classifier &> Z & ¥ [Ff#

O R ROEEIZOF F T, WHEEOFMERGREEZ 2 HPER (ZeMANCEEZ TV 3).
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THoTzh, Zhd HI3AMFED subobject classifier RO %%E X 5. hyperconnected ¥\ 5 H—3 ¥
7 (DRYE) &Y ARZ b LT superconnected EFERZ EI2T 5.

Definition 9.1 (superconnected). quotient(connected) geometric morohism f : & — Q 2% supercon-
nected TH 3 1%, f*:Q — & ?¥ subobject classifier #RF T2 I %WV,

Example 9.2 (Boolean topos @ Quotient). Boolean topos £ 2 5 @ quotient(connected) geometric
morohism f : £ — Q & superconnected TH 5. ZDZ kilk, £ D subobject classifier I& terminal object
2OQBEMTHY, f*IELTO finite limit($F#1C terminal) & finite colimit(FHICHRERM) % create 5 Z
Erobbhb.

Example 9.3 (BEH b AR D quotient). BEA + R 2RI Booelan 2 DT LOBIDKHZGETH D, B
fER b K2 D Quotient 134T superconnected TH 5.

BEEH F R AD quotient ZIET 2 & = Difamid, T3 Boolean 2° 5 superconnected TH % Z ¥ % FEIA
L, %225 hyperconnected 72d @ L22dH h BV e fEamT1I 7z, — ikt o z e ZHEE L THL.

Proposition 9.4 (super = hyper). superconnected geometric morphism & hyperconnected T® 5.

Proof. [ : &€ — Q 7% superconnected 72 &, f* & pullback % create T2 DT Q(D f* IZ X % essential
image) 1% subobject TEAL TW3. Theorem 8.4 @ 2 FBDLEMF LD f i hyperconnected. O

X 512, well-founded quotient I & 512 atomic TH 3 Z & DB L Tz, atomic connected 72 & EF%
X D EH 1T superconnected TH 5. > TRDOERICH 5.

atomic connected C superconnected C hyperconnected C connected

Ihoid, EOTOBREETIERL.
atomic connected C superconnected C hyperconnected C connected

oD EE® 5 %. Theorem 6.4 T, cocomplete topos £ IZ2WT A : £ — Set ?% connected T &
% (i.e. quotient 5 % %) Z & ¥ topos £ » connected 72 Z ¥ 1Z[F{H72 Z ¥ % R /2. hyperconnected,
superconnected X IGT 2 fdE%E AT L.

Theorem 9.5 (A OFMHEREME). A: € — Set 2D topos £ IZDOWT,

1. A: connected <= &: connected
2. A: hyperconnected < &:two-valued

3. A: superconnected <= &: connected 7> Boolean

Proof. 1133 TIZ Theorem 6.4 THA7z. 2 #/R3. A 2 hyperconnected 7% Z ¥ 1%, Theorem 8.4 ® 7 &ED
FZHEEZ DL, A* 2 E(1g,—) A subobject classifier ZRET 528, DF D E(1g, Q) B2 THEATH S
ZrrEMETH D, ZhE two-valued topos DEFRZDDBDTH 5. ®KIZ, 3 ZAHT 5. A* H3subobject
classifier 22 Z 21X, £ @ subobject classifier 73 terminal 2 DDEHMTH S Z & THH, Boolean ¥ [F/fH
TH5. O
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INT, A2 o0uBMfIHEOWUETHE L
atomic connected C superconnected C hyperconnected C connected
BRDESIREBITONS.

Example 9.6 (fHHZE[H LOEOE DB E). #7035 A MAH TN AAEZER X 1220V T, A:Sh(X) —
Set & connected 7223 hyperconnected TZN>.

Example 9.7 (RifEEDBHE). /NE C12oWT, Set®” — Set #% hyperconnected TH 2 Z 1%, C
strongly connected TH % (fEED (X,Y) € (ob(C))2 IZOWTH X - Y in C23P7% b 1 OBFHET 3)
Z Y LAfET® 5. connected 722 strongly connected T WWINE C 12DV T D Set® — Set I connected
72 %% hyperconnected TH . BlZIEEMZ T 7D FER Set?” 7 5 Set ~D geometric morphism &
connected 72723 hyperconnected TR\,

%72, HiEE Set®” 28 Boolean T® 2 Z 2 1& C %% groupoid TH % Z & L [fl72 572D T, Set® — Set
% superconnected T»H 3 Z ¥ 1%, C 25#fE%R groupoid TH2 Ik, DE WY ERMERLZLTHS. o
T, Groupoid TiZ 7 \A% strongly connected 728 C 129V TIE Set®” — Set 1 hyperconnected 7228
superconnected TIEZW. FlZIEC ¥ LTREETRWVWE A4 F (BIZIZMEE 4 K (N,0,4)) ®, Z&TH
WHERIEF# & NEFIRIFGAR DB A 72 EHh D DG 5.
®ZIZ,

atomic connected C superconnected

DR T 5.

Example 9.8 (FHEMA MR A D atomic quotient DIRFE). BHERT ¢ : G — HIZ2WT, FHEHINIHF
H Set — G Set & logical TH D, WX IZFHEE XN S Geometric Morphism G Set — H Set & atomic TH
5. ¢:G— HHPEHFRLE/BARTH20T, RHHFERT ¢: G — H IZHFEINS GSet — H Set 1
atomic quotient TH 5.

EIX, GSet 5D atomic quotient ¥ Z DIEIZR 5415 . section 4 ZRHRICZ D Z L ZHiED D 5. G Set
@ atomic quotient GSet - Q % ¥ 3. QIINWET 2 G LOER7 4 X —% F v EL . example 4.9
b, FOREEARTHZ Z e rHERIT XV, FRREAEAKRTD 27-D121F, F 2 (GRMELIER
572\ )intersection THALTWS Z e BRE+T T TH 5. [6] D A @ Corollary 2.2.10 iIT X % &, logical
morphism (ZGREMEE RO L &, ZORICR D EREfEE 0", it - T, atomic quotient G'Set — Q ®
inverse image part G Set < Q & (EWfETH 2D T) GMETHHH, £TOD limit ZR1FL, (reflective

BOT) £TO limit % create 35. 65T, F OTLOEEDHE {Hajaea 22WT, [[ G/HN & QIA-
AEA
THD, (Ha)rea ® stabilizer TH5 [ Hy & F iAo TV 5.

AEA
AT, GSet ® atomic quotient (¥ essential quotient) d#f G DEIRHOAILEZ SN TVWE Z

Bbhoi. BlZIX, example 4.8 T 7z, BHENERR Zset 5572 % Z Set D quotient topos &
superquotient 7223 atomic quotient TiZ72 W (L, essential quotient TH72WY).

*112022/01 ORI EREZDZ e AL 22 e 232V, B TT 5. 2D example DNEE AL exponential Z5MH T2 Th -
LI (Lo LIEMES) RERA L /2.
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10 EERBHEDME: cancellation property DFI A

Grothendieck topos @ quotient 23X NI H 25, L WIHITLOMEEE X 37-012, FilkGEL L TN
CHoDHEBERERFIENSZIHZ20EEZITAHRY. 207D, EEREEFOMEEZFHLIAT
Wy,

cancellation property IZ2WTHREZ ¥ L TH <.

Definition 10.1 (cancellation property). B C &, C DD Y 7 2D} 2 7 A E C Mor(C) iZ2W\WT, E
% cancellation property Z#2 ¥ 1& C NOEE DR #2 =ATE

>

WZoWTC, fEERL gEE — gneErhapI%Z\nS.

Example 10.2 (Set TOZH & ZD—(l). Set ITHBWT, £5H 572 % 27 5 A E i cancellation property
ZHo. Kh—iC, EEOE CIZOWVWT, epi HETHL LRI D7 7 X E X cancellation property %
b0, FIAFAO—Ee LT, B C DERIER (orthogonal factorization system)(FE, M) IZ2WT E &

cancellation property % % .

Example 10.3 (cancellation property D5/ ZRL). BIF F: D — C & C D cancellation property % %D
25 A EIZ2WTC, F:Mor(D) — Mor(C) i2&3 E Oiifg F~1(E) % cancellation property % % -2. f
Z13, concrete category U : C — Set I2DWT, C DY f THoTHEERIZBEBRUS e 72d DEMEIT

cancellation property % % .

Proposition 10.4 (quotient \Zf83 % cancellation property). T DD 27 Z XX cancellation property
b,

1. topos ¥ geometric morphism D723 (1-) B2} % connected morphisms
2. topos & geometric morphism D723 (1-) EIZE 1} % hyperconnected morphisms
3. Cat 1281 2 E@EHZH T

Proof. 2NN, REWHETWIDO»2DTHET. 31X2 25 XRBIZRV. O

SEEZ—DOHMEICLTEL. B C & cancellation property %2 E C Ci22oWT, HEEFF:C - C
W EZRFT 22, FEOiLk EDILITES Z 2 Z2 WD,

Lemma 10.5 (E f£77FBFOZH:). & C & cancellation property # 2 E C Mor(C) £ HEBTF F,G :

18



CoCeBEAREW iy F=>G%2E25.

FXRERRFEL, 5127 OEED component 28 EIZA->TWa%k5, Gb E 2{HD.

Proof. F 75 E 2/ 7L, X512 17 DEED component 28 E ICA>TWA2F5%. ZOK, f: X —-Y in
EZzERICL 5.
Fx L, py

bl

ax S5, gy

BWT, Ffinx,ny iZ EIRA>TWADT, E D cancellation property & Gf d EIZA->TWwW5. O

Z® Lemma ZFIH LT, BEREREAFICOWTHO»2 2 2R TV, Lemma iZBWT, C £ LT Cat
EZ, FrLTidea 2FZ 5. X5I1Z, C D reflective subcategory D TH - T, ZD unit n H5EGEHIZ
BYDEEZD. ZDILICLoT, DICASTW ARG Y 7 A0 E DM OEMFAREFOERE, £To
Bl OV T ORHICER S 5.

Example 10.6 (Set — Cat LH#Hi 7). REZBERE & A7 THOAALBTF Set — Cat 1%, HiEMK
FTOEEGE L BHF 19 : Cat — Set ZEMFEICDD. unit ne : C — 7o(C) XEFERAETH 2. o T,
7o : Cat — (Set —) Cat IZ#HEWEEZRD. £E (BEE)S, T BMOER (BF)f : S - T 2EEHHTH
2D, fHARHEHFTHILETHS. HoT, FEOHEEHERTFE F: C - D%, HEiEKY ORIc2HS
mo(F) : mo(C) — mo(D) Z7HET 5.
F

D
no

mo(D)

|

I

7T()(C)

i

uy

(F)

o

Example 10.7 (Groupoid < Cat & “ER#iHE"). Groupoid — Cat 1Z/LFEf: D : Cat — Groupoid %
b, [2] D 5.2 fise [11] @ Example 4.1.15. 2R 2 B\, D(C) DTt %, C DERMEFLIFRZ LITT
%*12 unit ne : C — D(C) 2EfERE 2 Z 1%, D(C) OREKHE L B ERICIH > THE»DHZ 2k
MNTES. [toT, HMEMHBETF F:C — DA ET 28R REMOBET D(F) : D(C) — D(D) b EiEH%
TH5.

c—L 7

J/nc no

D) 22 p(p)

Groupoid DO DEFAEFERE 272 5 DIF, G D O—0f—X 5% 5 2 % & 57 full functor TH 2 & =
72 o 7= (Example 5.10).

*12111] ® Example 4.1.15. 12 X 1UZ, category of fraction ¥ IHZN T3 5 LW, HEHL LU R B Hd LAV,
Groupoid < Cat 3R (maximal groupoid) o TE D, BEEKX25K2 O THET 7.
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11 ERIEFC DOV TOFH

Hiffiid example 10.7 I2BNWT, BRFHAEZBZEFR— a YEBEDOT, ZOHTEHHCHLE TV
. HFEFHHEET F : C —» D OFE S 28 REHDOMOBTF D(F) : D(C) — D(D) & full 5> bijective on
connected componets THo7z. KoT, A7t YORICHEEINZETF skD(F) : skD(C) — skD(D) 1
WL OO EHEHEREID (18 Groupoid TD) ERICK %. FHZ skD(D) DK EF X*131% skD(C) DA E X LY
TTH3.

COHREREZISHL T, 52 607/NE C 226 OERFAEEFOERZ Lo MA TN REIZEZ 20D L
iz, LaL, UTTRS X5 ICERHRZ & 2MERIRA 7Ly ORESIICHT s EHREEZ R (HL -
TWT, ZO7 A4 T 7IFRBEIITER LW,

HERINREHICA B ANV 2D Dfl % A 5.

Example 11.1 (GERSE OESRAERE). B C 29ER5E: &, ERIRE D(C) 133#EHE72 groupoid TH D, it-T
HrEFRETHZ. DIC) L EFEMERHELZERIECFERZ TS, £/ 4 F M IZOWT, M Ok () #f
D(M) & M ®HRREHE, D% D Group — Monoid O EREfEIC X 2 M OIT&E5E, ¥ —3T 5. FlXIZNE
E/A4FNOEREIZZ TH 3.

Example 11.2 (22 7 LOoHME). G777 [12oWT, I LoBHHELEOERFERIE, [ EOHM
7% Groupoid(Groupoid — Cat — DirGraph O EREff) ¥ —8 3 5.

ZOPNTTRBINT, EREHO Z L ZEOEATFHO LS ICEWOKS ZicF 5. MHELREES Y L THE
e oW THRLTBL.

Definition 11.3 (HLE#EE). & C BEERETH 2 21X, EREHE D(C) 27 terminal category 1 & PEF{ER
ZeDC)~=1%2Wn5.

Lemma 11.4 (B0 5404, B C 2oV, ide: C — C A cone 2Fiok 5 C g TH 5.
Proof. id¢ : C — C 73 cone «
c— ¢
RN 74
1
ZHEOLE, BT e C — D(C) IZRDEREH ne ()

C e D(C)

ne(a) /

nc 1

D(C)

ZiAE S 5. 2T, Proposition 5.11 &0, ne ®HH I > 7 Kan L3RI idpe) THA 5N 5. Kan ik

13 R EXFRER, HEEOEEORELERT S
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ROE@MELD,

e

EERZER 3T, #RE LT idpe) : D(C) — D(C) & cone Z#§D. identity A% cone ZHf> & 57
groupoid (& 1 *EREER DD LKL, MR LTCIIHEHETHS. O

Example 11.5 (B#ASEOH: initial object). fl 21X, initial object ZFiOREIIHHATTH 5. ARES
D& FinSet X HUERETH 5. WHHIIZ, terminal object % FD B b BG4 DT simplex category A dH
HETH S, o2, HTRWMEEDIEFH o 3EFEEL LTEE AL T L (Bt fio0T) BT
HY, BuEiEEZEREEZFA—-HLTOEY 7 ZEFEL TN 5.

Example 11.6 (F#FEE K WIGT). €/ A4 K M 1220 Tidy O cone ¥ 13, £/ 4 FHEROSHETE
ZRERIEDO Z e TH S, 2 € M BPERIUTTH 2 ik, EEDse M IZoOWT

S*xz2 =2z
ERBILEZSIDOTH-7. HIzIE, EEOE RIZOWVWT, ROFERHETEE /14 FiZ0g & (H) BN
TEICFFOD THEIETH 5.

Example 11.7 (GEA&EFIZBFOIEFAE). Example 8.11 T, HHEFZEETF Par —» 2 2 & 2 /2. T, &
A 2 EAAEAABEF R T 2755 5. Par OERFI Z TH Y, 2 DEREI 1 THZDTH LA
BF 2 —» Par EETIUIFTERT 1 —» Z PFEINZ IR DFETS. ZOfHIE, 7797 —
DA AE DA X ZFFH 2 AL TWT, ZoRIRE Y HATOEMUEZRFAL T\ 5.

12 prequotient DFElEER

2N P RR EIZOWT, € D quotient 725 BEUEBRIC X - TIHFES (HF 2 7 R) 2743,
DIEFEEGOMBEBICOVWTEZ LA > TEBEZW. LAHL, quotient DIEFMHEXZEICEFANIC W (&
2022/01 DFADIE U 7z) DT, quotient % [A1F 7z prequotient & MEEN 2 #EPATE X THS. 2022/01 OFL
1%, quotient ¥ prequotient BEITZ—FH L TV 2 2FEHB KEED TEZ TV,

Definition 12.1 (prequotient). topos & @ prequotient &%, £ @ replete full subcategory £ «+» Q T
HoT,

o 2T finite limit % create 3.
o £ DHOETD small colimit & create T 5.

ZiizTHDEND.

LT TX, prequotient % % @ essential image DD THE2PDEIIRZFEEBVWELTLES Z I
5.
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Lemma 12.2 (quotinet & prequotient). topos £ @ quotient {& prequotient T 5.

Proposition 12.3 (prequotient OFEffH). topos £ IZDWT, £ D prequotient 2> 572 2EED 7 7 AT
DWVWT, ZOIHFEETIXFE S prequotient 1272 5. FFIZ, £ @ prequotient(D essential image) &%, T
RAfRICBE L T (possibly large) FEf#H % 275

Proof. full subcategory %3 prequotient {272 % DIZ, essential image 23 finite limit & small colimit TP U
TW2 I LFAETH 5. O

Corollary 12.4 (prequotient ®DEKDTFEAE). topos £ &, £ @D object 2545275 A S C ob(€) IZoW
T, S Z&IH/IND prequotient STEET 5.

Z®, prequotient DEKIZONWTAHLEZTWVL.

Definition 12.5 (prequotient ®AfK). topos € &, € D object 2574527 5 & S C ob(€) ITDOWT, S %
BT/ prequotient % (S) ¥ EHL.

Definition 12.6 (4ZHIEF). topos £ &, € D object 25722527 57X S, 5" C ob(€) IZoWVWT, S <5 %
S =8« (S)c(9)
TEDD. S oS-SS Dz S~ v&HL.

O IEBR < FRINEF R RS, BT 2R AHEICE LT [15]) K& W, XY € ob(€) T2\,
{X}2H{Y} oz e zBIC X <Y e ELREDMEZ LTWL.

Lemma 12.7 ([EMI5fi#). cocomplete topos € &, & DXRD (small 72) 1 { Xy }ren 1C2WVT,

{Xaher =~ [ X

AEA

Proof. {XA})\EA = HAGA X I FEHEL {X)\})\EA >~ HAEA Xy &, XD pullback
X —'> 1¢
|- |
H,\eA X ndex, HAEA le

PEZZT DD, O

section 4 TR o T\ Z L, AEHNCIZZ ORIEFOFETH o 7. FAEOH##RE, BIED £ R Set?”
THEBFEIERF O S HE 2RIV TIToTAS.

Example 12.8 (5% b RRAD (pre)quotient DIRE). FEOFHR X - Y I3Y ORITLI L IXHRTH I L
T, —TEENDER Z - 1 OBEML LTEF 3. Bk S Ic—HENR54 k — 1 % (topos Set?” DX
£5LO)X, b#BLZILICT 2. 2%, Set?” OMRIBEBOM {kaJren ZIVT [[op Xuy EHIT 3.
X1 & terminal 72 @ T minimum prequotient IZA > TW5. FIOFWHZTIUEX, Xy 1 BT 2&/INJC
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THY, EHHDEHETUL X, ~0 THB. EEOEH I12OWT

HX():; HX1*>X,€

ack aER
7% coequalizer diagram 23TFFEL, > T Xo = X, &4 5. 72, 2 EOEEDEHK £k IZOWVT,
Xo — X1 —= X,

72 % equalizer diagram MTEIEL, Mo T Xg X X, %%, R LT, 2 EOEEOEIM k 1ITOWT

XoﬁXﬁttfxé
Xi<Xogx=2Xo~ Xy~ oo X, >~...

E® Lemma &Y, fEE®D prequotient 1% X, DFEDNRN S22 7 5 A TEMRINS DT, prequotient
3 (X1) & (Xo) LdbiERw. Zhsld 2 Ot SIS (section 6) quotient Set?” < Set &
HiH7 quotient Set?” <= Set?” TH 2. fit o T quotient H T4 S L7,

ZDOFHRIZETONRPEBIER IANEMDREEINT, I5HEERIB1 R DBEMEEE L TWE I
FALTHS.

13 Solid monoids

AR FICOWTHERIICTAR D EFRN—2 a U DH 5D, D7D BRRIGEEREMETF 2 R T
WEWV., ZOHITE, IMEE/ A F N 25 OEERHERET N — C(O—5F) 270,

HAERZETF N — C % bo (bijective on objects)-ff (fully faithful) 7N — M — C $2 &, M IE—mK
BliDTE/ARTHB. £, M — C D#EET 3 geometric morphism & connected 72 embedding 72
DOTHEFEZ 52 TWw3 (M — C & cauchy equivalent). ¥ 212, quotient topos O XHARTHEBEA B % DI
T/ A RAOEMBRAEEFTHS. UT, N2SE/ A F M AOHETF (£ 4 RERER) Th - THEEFE X
LOERPET 3. ZOMEE, [3] % [14] BT 3 solid ring DFEDE / 4 RICET 2B dEZ 6N
3 22T, DIFCIREERASE LT 4 FERAEIN - M ©Z ¥ % solid monoid ¥ FERZ ¥ 12T 5.

N 75 D solid monoid D% H 3.

Example 13.1 (FIRE/ A F). XTI NORER, DX N2roORHE/ 4 FERMEZEZS. FVHRZ
UL N 2> 5 D regular epimorphism 2# 2 5. N OFIRE/ A4 Fik, NAHTH22, —wrEKEBHE
AR {z"|neNtENEZ—=DDOMGFEN 22 = 29tk THo72dDTHS. ZIZT, aeNT, 0<keENTH
5. Zh%E (a,k) BIOE /A R2WVWHZ2IZTE. NOZL% (00, —) BDE/ A R BRI LIZTS. 8
ErRHEICT 2 70hlztse, (0,k) BoE/ 4 FI#EZ/kz eARTHY, (1,1) BE/ 4 R 2 ok
CHEDE/ AR (Fg, x,1) EETHS. FlIRE/AFMOHENLELT, MOXZEEAICDE, M DOty
Ty tyr okl DI I 7EHENTBL. TOI/I7 7 B 4)MEI/AFDIFT7THE. — ik
W (a, k) BIDE A4 FIZRZ kDL —TITRE a DREPDOWEZ LTV,

*14 7 BERDEICHE T 3 initial THZ DI L, NIZE/ 4 FOEICET 3 initial TIZRWVWOT Z O TIEEBUIEL L TWRWn
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Example 13.2 ((a,00) ®E/ 4 F). LD example ST D solid monoid BFET 5. a € N IZDOWVWT,
%7, (a,0) B/ A4 K {202, 2%(=20T = )} eINEE/ AN (BZ OBEMEE/ A FEER S, *
DT/ A FL LT _

{(z" ) |0<i<a}U{(=*j)|]je}
BEZBE, i (240) E NS OEERERE ) 4 NERBIEZ X TW3., EEEHIECT 2 -06% H
T, a=0DERXZ AR, a=3DEX, RLED3IXx3ITFHHDE A F M3(R) D5 b,

0 1 0 0O
0 01 0O
0 00 0O
0 00 11
0 0 0 01
e
0 00 0 O
0 00 0 O
0 00 0 O
0 00 1 -1
0 00 0 1

THEREINEE/ A FTHAS.
IDE/)A FZa=3D8 ZZEMBICHENLT S L,

B, ZOEIARE, (k) HE/ A FEBLWTRIEDODALVL-—T%2k 5> 00 8 LELSICARZ2DT
(a,00) BIE /) 4 REMERZ 2ITT 3.

HEHREEFED 2D epi B TH o7z, ZOWEDS, BF ¢ N - M PEERETHZ 221X, ¢(1)
BMEERLTNE I HELLTWE2d LRV, ERTOMEEIRR LS EEZ T, (ZOXET
) BT L IERZ 2 ITT 5.

Definition 13.3 (##tL). /A F M Ot a € M PEEFETLTH2 X, TEDy € M IZoWT

a,b € NBFEL

yr® = 2

LB IERES. LEHUTD MINED 5.

Example 13.4 (£BUTI3#ERTT). M D825, EHTEBHOERTOI L THS. £/, M PHIZE
A RDLE, /4 FOERITLLIZa 2 LTAT 02 N2 EIREHTOZLTHS.
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Lemma 13.5 GEFEFIE R H8#5E). ¢ : N —> M Z2E/ 4 F M AOEGEREBEFL L, 2 =¢(1) T 5.
DY E g BAEEITTY AT T H 5.

Proof. EiEZETFOEHE L AW TEHE#»O NS, v,z € M OBID Ja,b e N, yz® = z2 3 BFEH
FEBIREED S Z 2 ICHFEHL, #EEREEFOERTHAVWTEERED y € M & HAIJT ey 532 OFEMERFZRT
B3 Z & 2 IREICEER 3 AUV, O

PRt OMER72 O TIRER TR T IR Z s hTuwiawv., BilZIE, ROBITHR 2 X 5 icidimid Moty
TIHRSPBITTZIR L 7-BE L X 5N 5.

Example 13.6 (WOTidsin). €/ 4 FORIOTE i a,b 8 LTHIJT 1 2463 & d &5 2o 2
e ThH3. PlZIE, FEDOER RIZOWT (R, x,15) 1% 0 ZIRIUTICS D.

COESE, = o(1) BT BEM L LTIRERIETH 572 TR 5 TH 5.

x HBEHITTE B O (right invertible TH %) BE DM ax : M - M PEEZ I TH 5. GHILO
FECHET 2 ZORBETDRIZD LD DEEZS. AHITTDFIEL ox: M — M ORFEHNFIET
HBAIHICBOTEERZ LI, ox: M — M OBICHAITC ey DEENTWB Z LD, RITE X 5 5%MH
WH xS CHATTEEH L DTHS. DFD, zx: M — M OBITHM TN DR TOITIEEND &
WHERNTH .

Definition 13.7 (almost invertible). €./ 4 ¥ M DIt x € M %* almost right invertible TH 2 ¥ &, B
ML THEVWESIREEDy c MIZOWTH3y ¢ MPFHEL oy =y &3 %WVS. almost left
invertible & FFEICERT 5.

Lemma 13.8 (#F5H% 7% & almost invertible). ¢ : N — M %€/ 4 F M ~NO#ERHEBEFL L,
r=¢(1) EF3. O E, UFOWFASDHLT 3.

e x & right invertible T® 5.
o x X left invertible TH 5.
e x 1 almost right invertible 2> almost left invertible T® 5.

2, 1 almost right invertible T® % %> almost left invertible TH 20 DP L & d—HBWKILT 5.

Proof. B2 585m1C & D, = A% almost right invertible T2 W RKE LT x 25 left invertible 72 Z ¥ % FERA
FAUXV V. AT almost right invertible TRWEARET 5. DL F, BT TRV Yy € M DFEL, £E
Dy e MIZOWTy#ay THb3. 15T, Facy(y) BWT (en,y) & (y, enr) DIE—DHEFERLITITWN S

720121, ((enr,y) 251 identity THROWHEHBIMETHWARVDT (epr,y) NOHEZEZ ZRBEDBDH D ey = Iz
Ble MPRBRETHY, > Tzl left invertible TH 3. O

ZZETD z:=¢(1) DWEICET 2ERKZIFITMHED T, solid monoids Z 703 L T <.

Lemma 13.9 (Zf#H® solid monoid). solid monoid ¢ : N — M IZDWT, ¢ IZEHFHTH 208 TH S
PO HELLPDVLT 5.

Proof. BRI 2iEam & D, o1& almost left invertible TH 2 2 L TRW. ¢ BHHTH LT RV RE
L, PEZEL. 2=¢(1) T2, ¢ PHETRVEWVIRELD, ae N2 k>0Ta% =2 %2230
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Hehd, EEICye M\ o(N) ZH2. o FHEEHITAZDT, THREVNE N IZOWTHS ce N1ifF
EL yo™t = 2¢ ¥ 72 %. 21X almost left invertible 2D T, y ¢ ¢(N) X DIFMAMNIC y = 2% 725 z € M B

ehsd. I35k,
y = 22" = 2z = ya"* = 2¢ € G(N)

LD, y¢ o(N) ICFET 5. O

Gd:N—=>MPEHLLEZEIMEINORERE/ A FROTH I HIEbro TV, MEHIE ¢ HHGRE &
TH3.

Lemma 13.10 (¢ 23517 & = DEREE). solid monoid ¢ : N — M IZ2WT, ¢ PHEHTHZLT 5.
r= (1) 2T B, COLE, p: M7 %yeMizonT

%% a,b,ce NEHWT p(y) =c—a—b LEKRTS. ZOERHKIT well-defined THD, HIZp: M —Z
ZE A FHEFRRZ G X T 5.

Proof. ¥ 31%, p ® well-defined Z/R5. 2% D, LFHDES5R a,b,c 3P b —DFEL, 6K
p(y) 1F a,b,c DY FIKFETEED Z L ZRT. a,b,cl3PRELDB—DFET 22 I, = M EEHIT
BRZEDPD (a=0WVSHIHLAE =0 0IHIHIZH LIz LTH)ok. a,b,c DI FITKFET
EFEBLRMEID B, soyz = 2¢O % yxt =2 L LT, c—a—-b=c¢ —d -V ERLEVLY,
max(a,a’), max(b,0') NeHZ B Ta=d,b=b OROAREETITHS. ZOL XX ¢ HHEFRT
el c=c &7 ok. THTHAR p D well-defined 25H 702 o 7.

KiZp: M = ZHE)ALFEBAEZEZ TVWEZE2RT. WM RERED, = 1 almost left
invertible TH 2 & LTRW. yo,y1 € M REREICE 3. ZOK, RICy € ¢(N) ROFHIIHHETDH 3.
EE, yo = aPW0) ¥ 7235 2 L IEBE TR 2%ya® = 20t 2 6 b € N ZHWT 2%oya’ =
g W)y b — P Wo) gatP W Ze DT p DIEFE LD p(yoyr) = p(yo) +a+p(y1) +b—a—b = p(yo)+p(y1)
TH3. —1, yo & o(N) DIBEREZ S, x0yab = x0TPWT o2 b e N & zfygx? = getrwo)td 722
c,deEN%ZE->TEBL. 51T, x 13 almost left invertible THBZDT, z2€ M THoTyg=22°725dD
BENE. T,

b_.a+d

atbtd _ x(zx)y1 2’z

Yoy T
— xczxa+p(y1)+bma+d
= 2¢zgqdgrtrly)+d

— .’Ecyol'dl'a+p(yl )+b

— pctp(yo)+d atp(yr)+b

EERL p DERERHVS L plyoyr) = p(yo) + p(y1) DHERTES. 22T, v ODBIKIFIFABRL»FE-
TRV LI, CRT, p: M — ZHE /4 FEREITH S & L prere. 0

T, p(z) =1 M ODERHENZ DRRHTDHLZ 06, p: M — Z1d M OBt gy - M — D(M)
¢ (up to canonical iso T) =L T3 I dbh 3.
ZNSHD¥EFD D &, solid monoid ZIRET 5.
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Theorem 13.11 (solid monoid OHRIE). FEED solid monoid ¢ : N — M iZ2WT, M i Example 13.1,
13.2 TEF 7= EE D solid monoid DWW L [FHTH 3.

Proof. ¥3, Lemma 13.9 & D ¢ 324 TH 20, HETHZ, 252K Example 13.1 DI > TW»
52DTok. UUF, ¢ ZHHTHLLE22EZS. Lemma 13.8 £V, z:=¢(1) IZOWVWT

1. z X right invertible TH %.
2. x & left invertible T®H 5.
3. x & almost right invertible 222 almost left invertible T® 5.

DWTNDLHREILT 5.
1: x 23 right invertible R . ZD &, s DEHITLr €e M DFD ar = ey R2 r ZWB. £EOD
Yy € MITOWT, z 3RO Ty =2 2% a,b e NDHNSE. T5L

¥72%. Lemma 13.10 1ZBI2E/ 4 FHERE p: M — Z ZFb Wi p(y) +a=bTH 5 DT,

. {W) (p(y) > 0)

>
<0)

rle@l (p(y)

2%, p(r)=—-1THBILIWFERETIE, p: M - Z 32HFTHZ bbb, HRELTMIZZ
CLAAITHS.

2: x 7% left invertible 2 & %, 1 L FEKIC M X Z e [AAITH 5.

3: = A% almost right invertible 7D almost left invertible TH 2 &. ZDE &, p: M — Z1E M\ ¢(N)
WCHIRSAUSEE M\ ¢(N) — Z 12725, T DI ERT. o(yo) = ¢(y1) 25 yo,y1 € M\ ¢(N) /T
Btz 3. ZorEtoREVn e NZEIUE, » DEHilEL p TOEEZEZXZZ LT

"y = 2Pyo)+n — yoxr™

kb, [

"y = 2PV = yra”

eB. PUIT, c:=plyo) +n=py1) +n (>0) £T5. 51T, x » almost right invertible 2>2 almost
left invertible TH 2 Z & & yo,y1 ¢ ¢(N) ZHEEDIRLHAWT, yo = 202% y1 = 221 125 20,21 € M DEL
5. DL E

Yo = 207°
n
= 20T Y1
= zox" T2

n
Yo 21

=22
=
Ziﬁb, Yo = Y1 Do,
p DHFIRE M\ ¢p(N) — Z HHGRZ 2 Z AWV T solid monoid DK bOLRITr2 5. B L
p: M — 7Z ®image p(M) 25 Z BETRVES, ¢ : N = M @3BERHFTRINIRLR V. BRERS,

27



¢ N — M PEFTHRVARS 2 2% almost invertible 222 & ZFWT p BEFTHZ Z e Bbhr 205 TH
5. 0:N—=>MBISHEHFTHELEEEZTVBEDT, p: M — 7Z D image p(M) 23 7 2FETRVWERS, M
EN eEENCRS. FBERAORERD T p Neflhr 22EZ 5.

D, BXANZRNEBET 2L, ¢:N— M PEFTp: M — Z BEHT x 2% almost right and left
invertible 72 ¥ ETH 3. ZDrE, BB necZ oW Tw, € M ZLUTD 254230 LTER
T5.

* p(wn) =n
e p(2)<0Bz€M¥abeNPEFELT 2% =y 75,

CDOZODEMERETEI R w, EMIEB x O 1 DOBFMETS. FEEZ p D2HMELS n <012V TT
Ciwbhb, EFEADn >0V TIE w, =w_12"T T3 22 Thh3. uniqueness b, 5 n <01
DWVTE (p(N) DIETD p DIEFIEELRDT) TWChbh 5. L n >0 L&HEHALT wiZO2WT, o
1 almost invertible DT (X HIC w Dififz LTV B RO ZOHEHWT)w = 22" 8% 2 € M N
3. p(2)=-1RBDTz=w_1 ERBLPEL, w=w_12"T L RZ. w, BB rIE—DHFEETEI L
bhot. —BEMZHWS L,

WpWm = Wn+m
a __
WL = Wpaq
a —
T Wy = Wa4n
a_ b — a-+b

THBZehbhrsd. ZZTnmeZTabeNTHd. M=¢N)U{w, |n€Z} TH3ILIZFHT
Y, wy =z REBRND o(FEF z DEHREDP O DD S) ZAVT M Id (a,00) BDE/ 4 AR Z
EbH B, ZT solid monoid DHFEEIFKED - 7z

w_9 w_1 wo w1 wa w3 Wy

14 colevels of a topos

[8] TiE, 5 X &Nz topos @D subtopos D 5 %, embedding 2% essential geometric morphism 72 % O %
level of topos £ FEATW 3. [FEREDER T quotient IZDOWTH X 5.

Definition 14.1 (colevels of a topos). topos E @ colevel £k E @ quotient F <= Q TH» THILT
% connected geometric morphism E — Q %% essential TH2dDEWVS ., FfEHR Z 720, HIZE D
bireflective subcategory D Z & TH 5.
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LUTF, #SfEfAZ D Z ¢ % lax epi functor & FEA.

Example 14.2 (lax epi 1J colevel ZF5EF %). functor F : C — D HMHIEEOMICFHEE T % essential
geometric morphism Set®” — SetP” % connected D IE F A lax epi D& =, FlZIX, 13 ETOD solid
monoids IXHESIEZRD + R R Set™” D colevel 5% 3.

TiX, 9FED quotient D7 7 AIZBWT, colevel FE IMNBTE0E2EZ 5. Kl XD Hasse KD &
IR B.

prequotient
quotient
hyper
colevel
super
atomic

colevel = quotient & colevel DEFE L D HH 5. atomic = colevel i& [6] D A @ Corollary 2.2.10 »>
5bh 5. colevel ¥ hyper % super DRICEEEBZRIZVWIEE2 R 3.

Example 14.3 (colevel 7223 hyper T/ quotient). Example 5.5 281} % quotient Set™” — Set?™ 1%
(lax epi IZFFEE TV 5 DT)colevel TH 2235, ZHUE hyper ThW. FEE, Set™™ - Set?™ @ (essential
)image %% subobject T L TWRWIZ EBRD X 5 ICHERTE 5.

—® 4 e
-3 >—.2 >—'1 >6 1 2 >§

& essential image IZA > TW3D3, Z®D subobject TH 3

[ Yo >0
0 1 2 >§

IZ essential image IZ A o TV,
Example 14.4 (super 72743 colevel T\ quotient). Example 9.8 TBHZZEIF TV 5.

INT, UEMERbR o,

15 colevels of a presheaf topos: EfEVAHZEFHZE

ZOHIONEX (LEMBEEIID2DDD) ML 4] ITX2bDTH .
—OHETEHEALTHL.
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Definition 15.1 (bole functor). small category fHI®D functor F' 7% bole functor TH % &1&, F' 23 bijective
on objects 7> lax epimorhism TH23Z L %5 5.

[4] 1, SEEERHYLR IR THIEE O simultaneously reflective and coreflective subcategory 34T bole
functor P HFEEXNTWVWB I L ZIFHLTWS. ZOHITIX, ZOHEED Set BRERE D L ITREICAT,
ROEMZFEAT 5.

Theorem 15.2 (colevels of a presheaf topos <> bole functors). /N& C \Z2WT, C 25D bole functor
& Set®” @ colevel X FEFT 255, Z DRI bole functors DR L colevels(DRMELE) o d—0f—xt
BxE525.
Proof. ¥F, WlZOMMEEZ 3. DD, HiEE SetC ¥ Zd colevel Set’” + Q

L

Set” «— M~ 9
R

(LA M AR)IZxLT, bole functor P:C — D M5 5. P i3,
C—X — Set®™ —L 0

®D bo-fI factorization
_

C
Jre
cr L

P
Set¢” L

D
L
Q

DboX—h2LTE%. Phlaxepi THDH, X HIZILD colevel Q ¥ EFEL colevel % induces T2 Z &
%, ¢ 2 tiny objects 7> 57 % dense full subcategory TH 2 Z &% HAUIRWV. FHL X 4] cEVTH 3.
—7, fEE®D bole functor P : C — D IZ2WT, XKD up to natural iso TH#/ X

c—2 7D

[e = ]

Setcop Lan pop SetDop
ZH 2 EFBECHRZOMEEGEZTWS Zehbnrsd. O

Example 15.3 (solid momoids). #RI7%6¥ LT, €/ 4 F M {EH®D bEZ SetM”™ @ colevel i3 M A
50 lax epi BE /A4 REERE Y — i — 123 3. #l21E, Set™” @ colevel 1% 13 ETDEMKD solid
monoids & —M—IZXIET 5. FHCAHERETH 3.

16 Top-enrichments induce hyperconnected geometric morphisms

topological group action @ R Z1%, [10] BV THMEFRTHED EFshT0d K512, KRS
nNTn3.

IONETH 4 TRk 512, group G LD topology WEEEEF kA 2 Set®” @ hyperconnected
quotient %5 X TW-.
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[12] TIIHZF TR E/ A F LD topology NFERRDEEZ —{t.L, topological monoid action @ kKX
ZHRTVSE., ZOETIE, /4 F2LIHIEAN—RLT 2. BRAII([12] D 54 i (0.5 =) T
I¥ topological category "DILEREE X182 2 LTED, KEDOHAEIREBINTWS., ZITREINT
W3 topological category DHE&IE, Top-internal category IZEWARMETH 2. —F, ZDETEZ LD
% Top-enriched category D JFEITH %*15

Definition 16.1 (topological structure). /N& C L ® topological structure (LT, top.str) £1%, % hom-
set C(X,Y) £ topology Oxy DR O = (Ox,y)(x,v)eobc)2 THoT, ERED XY, Z € ob(C) IO\ T
ARG B

C(Y,Z) x C(X,Y) = C(X, Z)
DEGICREBDESES. 22T, domain TIXERBMHEEZEZTWS.

Remark 16.2 (2f#E ¥ L T). small category with a topological structure 1%, H.!Z small Top-enriched
category DZ & TH 5. Z I T, Top & product T monoidal category & &R L TW323, Top & CCC T
ROWOTEBEREE T X 5 X 572 (Bénabou cosmos 2% D) TIERWZ L IZIFFEE.

Definition 16.3 (continuous action). small category C ¥ C L® top.str O IZDWT, presheaf P : CP —
Set 2% O-continuous TH % &, fEED X,Y € ob(C) IOV,

PY x C(X,Y) = PX

MR Z e B WS. 22T PX, PY I3BERIET C(X,Y) 12 Ox y THAHZER A7 L, 512 domain
BEMMMHZZE Z TN,
O-continuous presheaves 7257 % Set®” @ full subcategory % Cont(C,0) £E<,

DB RELEVOE, Set®” = Cont(C,0) 2% hyperconnected quotient 2522 2 TH 3, D7
®. O-continuity D775 DR T WREIESAEIK L WV, KITEFET 5 transition set (3 ZDEETH D, Morgan
Rogers @ [12] {281} % necessary clopen OBEZICIIET 2 DTH %,

Definition 16.4 (transition set). small category C L ® presheaf P I2DW T, X, Y € ob(C) & z €
PX,y € PY IZB8¥ % transition set 7, %

Toy ={f: X =Y [z=yfHCC(X,)Y))
ELTED S,

Remark 16.5 (category of elemets @ hom set & L ). transition set T, , (HIZ category of elements
JPZB3 % hom set [P((X,z),(Y,y)) DI TH5,

Lemma 16.6 (a criterion of O-continuity). small category C ¥ Z®D L ® top.str O & C L ® presehaf
P :CP — Set IZ2WT, AN EFAAE

1. P & O-continuous
2. PIZBIF 5T TO transition set 1% open

*15 3 & ETHEZ A, ZOEDONEIZTA L & DEKT Morgan Rogers 3> TW3 DL EoTW3S,

31



3. PIZHBIF 5 FTXTOD transition set i& clopen

Proof. 3. 1 < 2%717, 1 DEHEIZ PY x C(X, Y) — PX DER e THoT=, PX,PY [ JHE
A ZZ TV3 0T, EEEOEHRPES T LTEHTIUL2 L OREEAD? 2, 2 & 3 ORI,
cx,Y)= [] Tou

yePY

7% % disjooint union \D T E Z XD 5, O

Proposition 16.7 (top.str induce hyperconnected). small category C & C E® top.str O IZD2WT,
Set®” «= Cont(C, ®) 1¥ hyperconnected quotient 5 % 3.

Proof. Proposition 8.1 ZH\W2 7,

1. small coproduct
2. quotient
3. finite limit

THUCTW2S Z e 2T 5, 1 FHBRWEEICHIrO b5, IEFEHZDIEZ2 L 3 TH 2,
2%RT, a: P — P’} presheaf @ epi FTH o T, T HIT P H O-continuous TH3 LT 5, ZDE X
P’ % O-continuous TH2Z & %ZmRT, X, Y €ob(C) 2/ e PPX £y € PY ZIEEIZL 5, ZOF

Tty = U Ty
(zy)€ayx (@) xay (v')

L2250 T Ty b open DHIEE LD open TH 2, WZIT P’ % O-continuous,
&#%IZ. 3 Z/"d, finite product & subobject TEALTW23 Z & ZFEBH 34U WAL, subobject 15,
finite product . open set @ finite intersection 2% open TH 2 Z & HHD 5, O

WiRIRE, D% Y lpresheaf topos d hyoperconnected quotient (¥4 T top.str 2> 51855 2?7 1TIEH
23D % 55 2022/04 OFMIAGEZ H S 70 RWEHLIICE > TW 5 Z 2130w 202 H %,

Example 16.8 (4 E0fl). 4 T3, BHEAO FERCE LTI TR CHARES 5> TETWE I LR
RLUTz,

Example 16.9 (G127 Z 7 + & AD hyperconnected quotient). 277 7 + &2 Set?™™ d hypercon-
nected quotient ## x 3. Set’™”" > Q #% hyperconnected 7% &, terminal object

o

& % D subobject

X2 QITA>TW3. coequalizer TEAL TWA DT, B2 TL—STH3LIREMTT 72T OICA->
TWw3. Wz UE, bole functor Par — 2 IiF# X4 3 hyperconnected colevel Set™™™ — Set?” 1%
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H/N® hyperconnected quotient TH 2. Q 23d L —FTRVIARFRD XS REMI S 72 —DTHEA
TWied5., ZOrE, Qldsubobject TEHLTWADT QIXAEMI T 7

*——0

ZEHEATOVS. #R, QURERXRO_OOFMT T 7
LY S—

EEHEATOVEN, ZNH1E Par LOZO0RBABEEFTH 5. Q & small colimit TEHH L TW3 DT,
density theorem & b Q& Set™™™” £k TH 2. #5H, Set™™"” d hyperconnected quotient 1% 2 O TH 3.

Par L0 top.str i, 2 A Par(V, E) LOMMHO ZTHY, x5 420H%. #FEXN 2 hypercon-
nected quotient 1 Set2” (433 ) ¥ Set?™” (AT 2. Sierpinski space IZ 21k L 224 LD clopen A3
RWDT, Lemma 16.6 D 3FHDOFMEEEZ 2, FEEXN B hyperconnected [ FHEMEEE X 255
FUTITk5.

Example 16.10 (poset action topos). poset P{Z2WT, P L® hom set i&F4 1 TLEAIRD T top.str &
BB —2 UATEE LIS, SURIEAE LW e T 27 512, FEZ Set?”” @ hyperconnected quotient
13 Set””" BARUDPTFEL BV EHIFET 2 DI 7243, FEBICZ D (poset PICBS 255172 5 — 2 D) WIFHIZIE
LW, Z0Zild, P LOXRBATEERFIZ terminal @ subobject TH2 Z 25 bh 5. (localic TH2 Z
EDKRYL )

Example 16.11 (hyperconnected colevels of a presheaf topos are induced by top.strs). Example 8.10
IZE W2 & 51, bijective on objects and full functor F' : C — D IZDOWTFHEE XN S geometric morphism
Set®” — SetP” 1% hyperconnected T# - 7z. Z ® hyperconnected quotient (& C LD top.str 2> 5 FFEHX

N3, FE Z£C(X, V)L T
C(X,Y) > D(FX,FY)

129 2 initial topology 2% % 3 & X\ 2T D(FX, FY) MMM EEZ T3, S0z iU,
C(X,Y) @ open i D(FX,FY) ® subset D L THIF2HAEATH 5.

X512, Set®” o hyperconnected 7% colevel 32T Z DK THESNS. EE, Theorem 15.2 £V 3
&, hyperconnected colevel (&3 % bole functor F' 12 induce 1323, Example 8.10 XD F @ bof-f
factorization & X % ¥ X\ .
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17 co-Grothendieck and Grothendieck topos

18 Vopénka principle @ % & T prequotient = quotient
19 ZHE<AR

19.1 FEIFBEDS £ WVWHABLDH 1: internal lex comonad
19.2 TEIILES F<WVWHBRVLDD 2: factorization system
19.3 BRICEZBNEILEHERDDOESBVER

19.4 lax epi vs epi & colevel DD LR

bo functor 22T lax epi—epi & locally presentable 7 & co-well powered Z W TH%Z L 51z 5.
bo-epi 7% & lax epi 22 %R L, case study ¥ LTE/ A R 3.
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20 SELVRSESHE

20.1 internal topological space

20.2 co-Grothendieck topos & idempotent adjunction & %% Geometric Morphism
203 FTEEABES FLWVLHEBELDH 3: lex comonad D idempotent 1k

20.4 preorder IC& T B 5BLURIRE

20.5 Boolean Quotient

20.6 Prequotient lattice of a poset action topos

21 AL THSBRADHBNIEEZEL®D
21.1 Toposes as Groupoids ¥ DR

21.2 ionad & MBAR

21.3 locally presentable category theory & MBIf%
21.4 first-order modal logic & M BI%

21.5 geometric logic BYZRARFR

22 {EABKREERGER D ERE

ERL TS TR FRG RIE

Question 22.1. £ T® prequotient I& quotient %>

Question 22.2. bole functor &, £iX bo epic ¥ FfER D TIZ?

Question 22.3. Top-enriched category (& hyperconnected % #E 3 2% 2>: Yes

Question 22.4. Fif8E D4 T hyperconnected & Top-enriched &5 5 2 07E / 4 RIZRIUIET
I35 (WA, N — Z ® quotient & not hyper).

Question 22.5. 2 T® co-Grothendieck topos & Grothendieck 77% ®ifiid (EAEMERIUIZ 5 B2 T
A7

Question 22.6. co-levels of a presheaf topos (& small 2727

Zhix, $TLFAS LW, bole functor ZFHR %53, monoid & DE DY cowell-powered 7°1% acces-
sible category with pushouts 125722 % & 5 727(see:https://ncatlab.org/nlab/show/well-powered+
category)
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Question 22.7. locale map &\ 2 quotient ZFHE S %

Question 22.8. prequotient, quotient, hyper, super, atomic, essential D EBERDIE

EETE THUVKRERG RHERE

Question 22.9. £T® (Grothendieck topos) IZDWTH 2 MRHAFEL, %D _EOD internal topological
space(or locale)(D—H#F) & quotient IIFTIGF 2 2

Question 22.10. prequotient lattice i& topos DED £ ARIEFZ KM L TWd 2. Kl —RiZ20»
TR 5,

ERINBREE

Question 22.11. —f%i2, FRXEH T L ZDETIL M IZDOWT, M 25D epi 4 (co-subobject) D%
B E2oMZ 525 ? codomain DR domain DIREED HHERANICHNZ S 5 7

SE X
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